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Abstract

After reviewing the essential structure of ERG differential
equations, we show that the critical exponents defined at a fixed
point of RG flows are independent of the choice of cutoff functions.



Introduction

. Universality is a key concept not only for critical phenomena but also
for construction of continuum limits in quantum field theory.

. A universality class is determined by a fixed point of RG flows, which is
characterized by critical exponents.

. Universality has been derived within the context of ERG. (Morris, Lattore,
Rosten, ...)

. We review the basic structure of ERG dependent on two arbitrary cutoff
functions, one for wave function renormalization and another for partial
integration of fluctuations.
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5. We consider only a real scalar field. Generalization that includes more
fields (bosonic or fermionic) is straightforward.

Let’s get back to the basics of ERG.

S|¢] is a Wilson action.

(O(p1) - 0(pn) ) g =
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Generalized diffusion equations

1. Diffusion in the space of field configurations

oStlo] oxn | —— ¢(p) o ¢(—p) o oSl
/dqb p[ /At(p)< Tz ¢(p))< o ¢ ( p))]

A (p) 1
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2. ERG differential equation

_ _latZt(p) 0 1 & eStl?)
01Sil¢] = /p( 2 Zi(p) ¢(p)—6¢(p) +Zt(P)atAt(p)25¢(p)5¢(_p)>

3. We introduce two cutoff functions K & k

\Zi(p) = ngg) Ai(p) = % (k (A§t> Zip) " <%>>

A
so that
(
A —E-
J —30;1In Z,(p) = KEA% 3 where A(p) E—2p2d;%K(p)
Ae™
| Zup)0Ap) = Fo(5) . where g(p) = 220 k(p) + 29’5k (p)

Examples: k(p) = p” (Wilson), K (p) (1 — K(p)) (Polchinski)

H. Sonoda



4. Generating functional

il = /[dcb] exp (St[cb] + /pJ(—P)Qb(P)>

satisfies

Wild) = Wolv/ZiJ) + 5 [ Ae) Zu(0) (—9) T (9)

5. t-independent correlation functions

f

< (p(p)o(q))y = (2 . %
(d(p1) - d(pn))" = T1isy ()

{(cb(p)cb(Q) )s; %#5(10 + Q)}
) (B(p1) - d(pn) ),

\ Ae_t

i.e., Sy Is equivalent with the original S.
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ERG for fixed points

1. Modify the ERG:

(a) choose a positive constant Z; to normalize the kinetic term of .S,

{ VZi() = Kf(éke;)t) VE whete 2y = oxp (2 [*ds )
Ai(p) = 1% (k (Af_t) Ztl(p) G (%))

D+2

(b) make it dimensionless — substitute (Ae™")" 2 ¢ (1X=) into ¢(p)

2. ERG diff eq for fixed points

. dp(p)  (D+2  Alp) o
0 = [[{oge+ (55 + R0 ) *9 5o
[ ] i

26¢(—p)dd(p)

+2§ (9(p) — 27 k(p))

H. Sonoda



7

3. The anomalous dimension ~; is determined by S;. For example, for
2 .
Wilson's choice k(p) = p?, K(p) = e ?", we find

4V2(0)2 —I— 28 2 f (2 + 4q )v4(Q7 —q,pP, —

2’775 =
—1—2V2(0)+282f Vi(q, —q,p, —

4. Scaling laws: the correlation functions

{ (6(p) D (@), K(p>2{<¢<p>¢<q>>st Hs(p - )}
{p(p1) - d(pn)), = T w5y - (D(p1) - d(pn) ),

satisfy

(@™ - dpac™)))

D49 t+At
— e AMgyn <n/t ds %) (P(p1) - d(Pn)),
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Fixed points

1. For 2 < D < 4, both Gauss and Wilson-Fisher fixed points exist.
2. A fixed point action S* satisfies
99(p) (D +2  A(p) *> } o
— + - e
/p [{p” Opy 2 K(p) #p) 5o (p)

L atm) — 24 ko L& &SIl _
+p2 (9(p) = 2 k(p))25¢(—p)5¢(p)] ’

which is characterized by ~*.

3. Scaling laws

<<¢(plet) E ¢(pnet)>>s* = exp <n <—D ;r = ’Y*> t) (P(p1) -+ - ¢(pn)) g+
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Composite operators at a fixed point

1. Composite operators are infinitesimal variations of the Wilson action.

5, (Ot[¢]est[¢]> _ / [{puagzgf) + <D;2 + [A(Eg ) cb(p)} 5; )

p

2 (a(p) — 1 & e
4= (0(0) = 290h(0) 5555 (Ol ™)

2. The correlation functions

s

(O d(p1) -+ P(pn)); = (9] ¢(p1) - -~ D(pn) ),

=1 K(p@

satisfy

( D—|—2+ft—|—A ds'ys)

(Oiardme™) d(pue™)))  =e (Orp(01) -+ d(pn));

t+At

H. Sonoda



10

3. Number counting operator (redundant operator, eq of motion op)

St — k(p) 52 eSt
Nilgle /<¢(p)5¢( ) 5¢(p)5¢(—P))

satisfies

(Nip(p1) - - d(n) )y = n {P(p1) - - - (),

4. At a fixed point, 0;5* = 0 implies

0/¢] - = /p [{pﬂagg) " <D2+2 i 223 B 'Y*) ¢(p)} %@

1 52 o
o5 (o) =27 <p>)25¢( 5oy (Odle”)

= (DO:[g])e”
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5. Eigenvalue equations
DOY[¢] = y OY[¢]
imply the scaling laws

(07 omet) - s(mac)) , =) (0 o) - 6 s

6. Ambiguity of OY
<< (N* * Oy) ¢(p1) - - ¢(pn)>>s* —n <<Oy ¢(p1) - - - ¢(pn)>>5*

OY + ¢ N* x OV satisfies the same eigenvalue equation as OY.

7. OY is determined uniquely (up to a normalization) if the absence of a
kinetic term is required.
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Linearlization of ERG near S*

1. Consider a small variation (|g;(t)] < 1)

where O; has no kinetic term.

2. The ERG diff eq with vy = v* gives rise to

%gi(t) = v, gi(1)

3. g; is relevant if y; > 0, irrelevant if y; < 0.
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Proof of universality

. Universality amounts to the independence of the critical exponents v* &
y from the choice of cutoff functions K and k.

. Infinitesimal changes 6 K & dk can be compensated by

B _5K(p) 45
o= /p[ K(p) (b(p)&b(p)
1 B SK(p)\ 1 58, 58S, 625,
o (o40) 205 5 ) 5 {5¢<_p>5¢(p> 5o (—p)5o ) }]

. Choose ¢; so that §'S; = 05; + € N; has no kinetic term.

. Equivalence up to normalization

(D(p1) -~ d(P))g (g = (L4 ne) (b(p1) - dlpn)) g
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5. S; + ¢'S; satify the ERG diff eq with the anomalous dimension ~; + §+;

where
d

5’Yt = —¢4

dt
6. This implies 07v* = 0 = universality of +*

7. For an arbitrary composite operator O;, we choose

OK(p) ¢

0= » K(p) 0¢p(p)

(qﬁ(p)@test) e St 0,58,

so that

(O +80)6(p1) - $p)) L5 = (O (o) - 6(p)) "
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8. We choose €Y so that

5OV = 5OV + YN x OY
has no kinetic term.

9. At the fixed point S* 4+ §'S*, OY + 5 'OY obeys the same scaling laws:

K+4+6K,k+46k

(0" + 80" p(pre") - - - d(pne") ))

O e )

S* +5/3*

(0¥ + 5OV p(py) - - - gb(p“)»?f;/{s’iﬂk

10. Thus, y is independent of K & k. — universality of y
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Conclusions

1. We have considered ERG differential equations with two cutoff functions
K &k (or A& 7).

2. We have shown the independence of critical exponents n = 2v* & y
from the choices of K & k.
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Appendix: Special composite operators

1. [0¢(p)]
[O¢(p)]e” = Oﬁ <¢(p) " kz(f;) 5¢(5—p)> :
satisfies ([0d(P)] d(p1) - d(pn)) = (O d(p)Pp(p1) - - - d(pn))
2. NxO
W0t = - [ Koz (1000))
-~ [ 555 { (o0 + EP52) (0€) |
satisfies

(N O d(p1) - d(pn)) =1 (O d(p1) - ¢(pn))
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3. Scaling laws in terms of composite operators

—e¥ /p K (p)%(m (pu%[qﬁ](p) e” )

4. conformal invariance?
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