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2.  What is the Efimov effect ? 

•  universality 

•  discrete 
    scale invariance 

•  RG limit cycle 

3.  New discovery “Super Efimov effect”
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Understand physics of few and many particles 

governed by quantum mechanics
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A1.  Continuous phase transitions  ⇔  ξ/ r0 → ∞ 
!

E.g.     Water                    vs.       Magnet 
!

!

!

!

!

!

!

  Water and magnet have the same exponent β≈ 0.325

When physics is universal ?
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A2.  Scattering resonances  ⇔  a/r0→∞
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A2.  Scattering resonances  ⇔  a/r0→∞ 
!

E.g.     4He atoms                   vs.     proton/neutron 
!

van der Waals force :             nuclear force : 
a ≈ 1×10-8 m ≈ 20 r0             a ≈ 5×10-15 m ≈ 4 r0 

!

Ebinding ≈ 1.3×10-3 K               Ebinding ≈ 2.6×1010 K

Physics only depends on the scattering length “a”

He

  Atoms and nucleons have the same form of binding energy

He p n

Ebinding � �
�2

m a2
(a/r0 ��)
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Volume 33B, nu mber  8 P H Y S I C S  L E T T E R S  21 December  1970 

ENERGY LEVELS ARISING FROM RESONANT T W O - B O D Y  FORCES 

IN A THREE-BODY SYSTEM 

V.  E F I M O V  

A.F.Ioffe Physico-Technical Institute, Leningrad, USSR 

Received 20 October  1970 

Resonant  two-body fo rces  a re  shown to give r i s e  to a s e r i e s  of levels  in t h r e e - p a r t i c l e  s y s t e m s .  The 

nu mber  of such levels  may be very large.  Poss ib i l i ty  of the exis tence  of such levels in s y s t e m s  of three  

a - p a r t i c l e s  (12C nucleus) and three  nucleons (3ti) is d i scussed .  

The  r a n g e  of n u c l e o n - n u c l e o n  f o r c e s  r o i s  

known  to be  c o n s i d e r a b l y  s m a l l e r  t han  the  

s c a t t e r i n g  l e n g t s  a. T h i s  f ac t  i s  a c o n s e q u e n c e  of 

the  r e s o n a n t  c h a r a c t e r  of n u c l e o n - n u c l e o n  f o r c e s .  

A p a r t  f r o m  t h i s ,  m a n y  o t h e r  f o r c e s  in  n u c l e a r  

p h y s i c s  a r e  r e s o n a n t .  The  a i m  of t h i s  l e t t e r  i s  to 

e x p o s e  an  i n t e r e s t i n g  e f f e c t  of r e s o n a n t  f o r c e s  in 

a t h r e e - b o d y  s y s t e m .  N a m e l y ,  f o r  a ' " r  o a 

s e r i e s  of bound  l e v e l s  a p p e a r s .  In a c e r t a i n  c a s e ,  

the  n u m b e r  of l e v e l s  m a y  b e c o m e  in f i n i t e .  

Le t  us  e x p l i c i t l y  f o r m u l a t e  t h i s  r e s u l t  in  the  

s i m p l e s t  c a s e .  C o n s i d e r  t h r e e  s p i n l e s s  n e u t r a l  

p a r t i c l e s  of e q u a l  m a s s ,  i n t e r a c t i n g  t h r o u g h  a 

p o t e n t i a l  gV(r). At c e r t a i n  g = go two p a r t i c l e s  

ge t  bound  in t h e i r  f i r s t  s - s t a t e .  F o r  v a l u e s  of g 

c l o s e  to go ,  the  t w o - p a r t i c l e  s c a t t e r i n g  l e n g t h  a 

i s  l a r g e ,  and  i t  i s  t h i s  r e g i o n  of g t h a t  we s h a l l  

co n f ine  o u r s e l f  to. The  t h r e e - b o d y  c o n t i n u u m  

b o u n d a r y  i s  s h o w n  in the  f i g u r e  by c r o s s - h a t c h i n g .  

The  e f f e c t  we a r e  d r a w i n g  a t t e n t i o n  to i s  the  f o l -  

lowing .  As  g g r o w s ,  a p p r o a c h i n g  go ,  t h r e e - p a r -  

-~1 ~ 

Fig. 1. 

g<g. g>g, 

The level  spec t rum of three  neutra l  spinless  
par t i c les .  The scale is not indicative. 

t i c l e  bound  s t a t e s  e m e r g e  one a f t e r  the  o t h e r .  At 

g = go ( in f in i t e  s c a t t e r i n g  l eng th)  t h e i r  n u m b e r  i s  

i n f in i t e .  As  g g r o w s  on b e y o n d  go, l e v e l s  l e a v e  

in to  c o n t i n u u m  one a f t e r  the  o t h e r  ( s ee  fig.  1). 

The  n u m b e r  of l e v e l s  i s  g i v e n  by the  e q u a t i o n  

N ~ 1 l n ( j a l / r o )  (1) 
7T 

All  the  l e v e l s  a r e  of the  0 + kind;  c o r r e s p o n d i n g  

wave  funcLions  a r e  s y m m e t r i c ;  the  e n e r g i e s  

EN .~ 1/r o2 (we u s e ~ = m  = 1); the  r a n g e  of t h e s e  

bound  s t a t e s  i s  m u c h  l a r g e r  t han  r o. 

We wan t  to s t r e s s  tha t  t h i s  p i c t u r e  is  va l id  f o r  

a ,-, r o. T h r e e - b o d y  l e v e l s  a p p e a r i n g  at  a ~ r o 

o r  wi th  e n e r g i e s  E ~ 1 / r  2 a r e  not  c o n s i d e r e d .  

T h e  p h y s i c a l  c a u s e  of the  e f f ec t  i s  in the  

e m e r g e n c e  of e f f e c t i v e  a t t r a c t i v e  l o n g - r a n g e  

f o r c e s  of r a d i u s  a in  the  t h r e e - b o d y  s y s t e m .  We 

can  d e m o n s t r a t e  t ha t  they  a r e  of the  1/1~ 2 kind;  

R 2 = r 2 2  + r 2 3  + r 2 1 .  T h i s  f o r m  i s  v a l i d  f o r R  2: 

r o. Wi th  a ~ o0 the  n u m b e r  of l e v e l s  b e c o m e s  in -  

f i n i t e  a s  in the  c a s e  of two p a r t i c l e s  i n t e r a c t i n g  

wi th  a t t r a c t i v e  1 / r  2 p o t e n t i a l .  

Our  r e s u l t  m a y  be  c o n s i d e r e d  a s  a g e n e r a l i z a -  

t i on  of T h o m a s  t h e o r e m  [1]. A c c o r d i n g  to the  

l a t t e r ,  when  g--~ g o '  t h r e e  s p i n l e s s  p a r t i c l e s  do 

h a v e  a bound  s t a t e .  We a s s e r t  t ha t  in f ac t  t h e r e  

a r e  m a n y  s u c h  s t a t e s ,  and  f o r  g = go  t h e i r  n u m -  

b e r  i s  i n f in i t e .  

Note  t ha t  the  e f f e c t  d o e s  not  d e p e n d  on the  

f o r m  of t w o - b o d y  f o r c e s  - i t  i s  only  t h e i r  r e s o n a n t  

c h a r a c t e r  t h a t  we r e q u i r e .  

F r o m  eq. (1) one  f i n d s  t ha t  the  m a g n i t u d e  of the  

s c a t t e r i n g  l e n g t h  at  w h i c h  (N+ 1)st  l e v e l  a p p e a r s  

i s  a p p r o x i m a t e l y  e~ t i m e s  ( ~ 2 2  t i m e s )  l a r g e r  

t h a n  t ha t  f o r  Nth  one.  T h u s ,  if we a s s u m e  tha t  

the  t h r e e - b o d y  g r o u n d  s t a t e  a p p e a r s  at  a ~ t o ,  

the  f i r s t  e x c i t e d  l e v e l  f r o m  t h i s  0 + - s e r i e s  wi l l  

563 

Efimov (1970)
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Efimov effect

a→∞

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states

Efimov (1970)
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Efimov (1970)

R
22.7×R

(22.7)2×R

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states
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Efimov (1970)

. . .

Discrete scaling symmetry

. . .

 When 2 bosons interact with infinite “a”,  
 3 bosons always form a series of bound states

R

1.3 × R
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g1

g2

g1

g2

Renormalization group flow diagram in coupling space

RG fixed point 
⇒ Scale invariance 
E.g. critical phenomena

RG limit cycle 
⇒ Discrete scale invariance 
E.g.  Efimov effect

Rare manifestation in physics !
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K. Wilson (1971) considered for strong interactions

QCD is asymptotic free 
(2004 Nobel prize)
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K. Wilson (1971) considered for strong interactions

Efimov effect (1970) is its rare manifestation !
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PHYSICAL REVIEW

LETTERS

VOLUME 82 18 JANUARY 1999 NUMBER 3

Renormalization of the Three-Body System with Short-Range Interactions

P. F. Bedaque,1,* H.-W. Hammer,2,† and U. van Kolck3,4,‡

1Institute for Nuclear Theory, University of Washington, Seattle, Washington 98195
2TRIUMF, 4004 Wesbrook Mall, Vancouver, British Columbia, Canada V6T 2A3

3Kellogg Radiation Laboratory, 106-38, California Institute of Technology, Pasadena, California 91125
4Department of Physics, University of Washington, Seattle, Washington 98195

(Received 9 September 1998)

We discuss renormalization of the nonrelativistic three-body problem with short-range forces. The
problem becomes nonperturbative at momenta of the order of the inverse of the two-body scattering
length, and an infinite number of graphs must be summed. This summation leads to a cutoff dependence
that does not appear in any order in perturbation theory. We argue that this cutoff dependence can be
absorbed in a single three-body counterterm and compute the running of the three-body force with the
cutoff. We comment on the relevance of this result for the effective field theory program in nuclear
and molecular physics. [S0031-9007(98)08276-3]

PACS numbers: 03.65.Nk, 11.80.Jy, 21.45.+v, 34.20.Gj

Systems composed of particles with momenta k much
smaller than the inverse range 1�R of their interaction are
common in nature. This separation of scales can be ex-
ploited by the method of effective field theory (EFT) that
provides a systematic expansion in powers of the small
parameter kR [1]. Generically, the two-body scattering
length a2 is comparable to R, and low-density systems
with k ø 1�a2 can be described to any order in kR by
a finite number of EFT graphs [2]. However, there are
many interesting systems, such as those made out of nu-
cleons or of 4He atoms, for which a2 is much larger than
R. In this case the expansion becomes nonperturbative
at momenta of the order of 1�a2, in the sense that an
infinite number of diagrams must be resummed. This re-
summation generates a new expansion in powers of kR
where the full dependence in ka2 is kept. Consequently,
the EFT is valid beyond k ⇥ 1�a2, comprising, in par-
ticular, bound states of size ⇥a2. There has been enor-
mous progress recently in dealing with this problem in
the two-body case [3], where the resummation is equiva-
lent to effective range theory [4]. Ultraviolet (UV) diver-
gences appear in graphs with leading-order interactions
and their resummation contains arbitrarily high powers
of the cutoff. A crucial point is that this cutoff depen-

dence can be absorbed in the coefficients of the leading-
order interactions themselves. All our ignorance about
the influence of short-distance physics on low-energy phe-
nomena is then embodied in these few coefficients, and
EFT retains its predictive power. However, the exten-
sion of this program to three-particle systems presents us
with a puzzle [5]. Although in some fermionic channels
the resummed leading two-body interactions lead to un-
ambiguous and very successful predictions [6,7], ampli-
tudes in bosonic systems and other fermionic channels
show sensitivity to the UV cutoff, as evidenced in the
Thomas [8] and Efimov [9] effects. This happens even
though each leading-order three-body diagram with re-
summed two-body interactions is individually UV finite.
We will argue below that the addition of a one-parameter
three-body force counterterm at leading order is neces-
sary and sufficient to eliminate this cutoff dependence.
This result extends the EFT program to three-particle
systems with large two-body scattering lengths, includ-
ing the approach of Ref. [10] where pions are treated
perturbatively.
The most general Lagrangian involving a nonrelativistic

bosonc and invariant under small-velocity Lorentz, parity,
and time-reversal transformations is

0031-9007�99�82(3)�463(5)$15.00 © 1999 The American Physical Society 463
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L = �†
�

i⇥t +
�2

2m

�
� + g2(�†�)2 + g3(�†�)3

g2 has a fixed point 
corresponding to a=∞ 

What is flow of g3 ?

g2

g3
g3(�) = � sin[s0 ln(�/��)� arctan(1/s0)]

sin[s0 ln(�/��) + arctan(1/s0)]

RG limit cycle

a=∞
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What is flow of g3 ?

g2

g3
g3(�) = � sin[s0 ln(�/��)� arctan(1/s0)]

sin[s0 ln(�/��) + arctan(1/s0)]

RG limit cycle



/ 30X

a=∞

Efimov effect at a≠∞
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Discrete scaling symmetry
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Just a numerical number given by 
22.6943825953666951928602171369...

log ( 22.6943825953666951928602171369...) 
= 3.12211743110421968073091732438... 
= π / 1.00623782510278148906406681234... 
= π / s0

22.7 = exp (π / 1.006...)

2�

s0

sinh(�
6 s0)

cosh(�
2 s0)

=
�

3�

4
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△ 4He atoms (a ≈ 1×10-8 m ≈ 20 r0) ?

He He

He

He He

He

Eb = 125.8 mK (Eb = 2.28 mK)

Ultracold atoms !

× Originally, Efimov considered  
 3H nucleus (≈ 3 n) and 12C nucleus (≈ 3α)

?
  2 trimer states were predicted 
  1 was observed (1994)
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Ultracold atoms are ideal to study universal quantum physics 
because of the ability to design and control systems at will

Ultracold atom experiments
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Ultracold atoms are ideal to study universal quantum physics 
because of the ability to design and control systems at will

C.A. Regal & D.S. Jin 
PRL90 (2003)

Universal 
regime

Ultracold atom experiments

✓ Interaction strength by Feshbach resonances

10 ~ 100 a0
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at
om

 lo
ss
 ra

te

scattering length a  (1000 a0)

Innsbruck group  
Nature (2006)

Trimer is 
unstable

atom 
loss

First experiment by Innsbruck group for 133Cs (2006)

signature of trimer formation
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Florence group 
for 39K  (2009)

Bar-Ilan University 
for 7Li  (2009)

Rice University 
for 7Li  (2009)

≈ 25

≈ 22.5 ≈ 21.1
Discrete scaling 
& Universality !

at
om

 lo
ss
 ra

te

scattering length a/a0

F. Ferlaino & R. Grimm, Physics 3, 9 (2010) 
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New discovery
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1.  Universality in physics 

2.  What is the Efimov effect ? 

3.  Super Efimov effect
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Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 
!

Efimov effect 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling

17Few-body universality

Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions

Yusuke Nishida,1 Sergej Moroz,2 and Dam Thanh Son3

1Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2Department of Physics, University of Washington, Seattle, Washington 98195, USA

3Enrico Fermi Institute, University of Chicago, Chicago, Illinois 60637, USA
(Received 18 January 2013; published 4 June 2013)

We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
c þ#y

a

!
i@t þ

r2

4
% "0

"
#a

þ g#y
ac ð%iraÞc þ gc yð%ir%aÞc y#a

þ v3c
y#y

a#ac þ v4#
y
a#

y
%a#%a#a

þ v0
4#

y
a#

y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling

PRL 110, 235301 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
7 JUNE 2013

0031-9007=13=110(23)=235301(4) 235301-1 ! 2013 American Physical Society

Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4
 “doubly” exponential

New !
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Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 
!

Efimov effect 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling

18Few-body universality

Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4
 “doubly” exponential

•  Low-energy EFT for 2D p-wave scattering 

•  (conventional) RG analysis  <=  Exact ! 

•  “Non-relativistic” and “few-body” problem

New !
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�iT =
2i
m

~p · ~q
� 1

a � m"
⇡ ln
⇣
� ⇤2

m"

⌘
+
P1

n=2 cn (m")n

19P-wave scattering in 2D

V(r)
Two fermions with short-range potential

scattering “length” effective “range”

collision energy

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)

- iT

" = E � k2

4m
+ i0+
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�iT =
2i
m

~p · ~q
� 1

a � m"
⇡ ln
⇣
� ⇤2

m"

⌘
+
P1

n=2 cn (m")n

20P-wave scattering in 2D

V(r)
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

collision energy

resonance 
(a➔∞)

low-energy 
(ε➔0)

Cf.  H.-W. Hammer & D. Lee 

Ann. Phys. 325, 2212 (2010)

- iT

" = E � k2

4m
+ i0+
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} }�iT ! �
2⇡ ~p · ~q

m2 ln
⇣
� ⇤2

m"

⌘ ⇥
i

E � k2

4m + i0+

21P-wave scattering in 2D
Two fermions with short-range potential

=>  Effective range expansion

p+k/2

p-k/2

q+k/2

q-k/2

→

propagator of  dimer

V(r)

ig ig

= (ig)2 p·q 

“running” coupling
(logarithmic decrease toward low-energy p/Λ→0)

- iT
resonance

low-energy

"
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L =  †
 
i@t +

r2

2m

!
 +

XXX

±


�†

±

 
i@t +

r2

4m

!
�±

+ g�†
± (�i) (r

x

± ir
y

) + h. c.
�}

22P-wave scattering in 2D
Two fermions with short-range potential

V(r)
p+k/2

p-k/2

q+k/2

q-k/2

→ ig ig-iT
resonance

low-energy

dimer field Φ± couples to two fermions ψ                     

with orbital angular momentum L=±1

=>  Low-energy effective field theory
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}marginal coupling

) g2(s) =
1

1
g2(0) +

s
⇡

! ⇡

s

23RG in 2-body sector
Low-energy effective field theory

1 � g2

⇡ ln ⇤
e�s⇤

E � k2

4m + i0+
logarithmical decrease  
toward low-energy s→∞

RG equation
dg
ds

= �
g3

2⇡

(e-sΛ<p<Λ  integrated out)

L =  †
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 +

XXX

±
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i@t +

r2

4m

!
�±

+ g�†
± (�i) (r
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± ir
y

) + h. c.
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+ · · ·}

irrelevant



/ 30

renormalized by

24RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

marginal coupling

}

irrelevant

=>  RG equation

L
3�body

= v3

XXX

a=±
 †�†

a�a + · · ·

dv3

ds
=

16

3⇡
g4 �

11

3⇡
g2v3 +

2

3⇡
v2
3
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25RG in 3-body sector
3-body problem  ⇔  fermion+dimer scattering

}
marginal coupling @ low-energy limit s→∞

irrelevant
L

3�body

= v3

XXX

a=±
 †�†

a�a + · · ·

}
non-universal

diverges at 

En / ⇤
2

m
e�2e3⇡n/4+✓

=>  characteristic energy scales

Super Efimov effect !

v3(s) !
2⇡

s

(
1� cot

"
4

3

(ln s � ✓)

#)

}

ln ln⇤/

ln s =
3⇡n

4
+ ✓
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resonance (a➔∞)

26Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

Spinless fermions 
with a separable potential

=>  solve STM equation numerically

�n = ln ln (mEn/⇤
2)�1/23-body binding energies

= +
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resonance (a➔∞)

�n = ln ln (mEn/⇤
2)�1/2

27Model confirmation

} }
�±(p) = (p

x

± ip
y

) e�p2/(2⇤2)

3-body binding energies

=>  doubly exponential scaling

Spinless fermions 
with a separable potential

mEn/⇤
2 / e�2e3⇡n/4+✓

 3⇡/4

n �n �n � �n�1 3 7.430 2.352

0 0.5632 — 4 9.785 2.355

1 2.770 2.207 5 12.141 2.356

2 5.078 2.308 1 — 2.35619Super Efimov effect !
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4-body problem  ⇔  dimer+dimer scattering

}
irrelevant

renormalized bymarginal couplings

=>  RG equations

L
4�body

=
XXX

a=±

h
v4�

†
a�

†
�a��a�a + v0

4�
†
a�

†
a�a�a

i
+ · · ·

dv4

ds
= �

8

⇡
g4 +

2

⇡
g2v3 �

2

⇡
g2v4 +

2

⇡
v2
4

dv0
4

ds
= �

4

⇡
g4 +

2

⇡
g2v3 �

2

⇡
g2v0

4 +
2

⇡
v02
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L=±2 tetramers attached to every trimer 

with resonance energy

XRG in 4-body sector
4-body problem  ⇔  dimer+dimer scattering

}
irrelevant

marginal couplings

0.01 0.1 1 10 100
s

!15

!10

!5

5

10

15

s v4

0.01 0.1 1 10 100
s

!15

!10

!5

5

10

15

s v'4

En ⇠ e�2e3⇡n/4+✓�0.188

s s

sv4 sv’4

L
4�body

=
XXX

a=±

h
v4�

†
a�

†
�a��a�a + v0

4�
†
a�

†
a�a�a

i
+ · · ·



/ 3028Efimov vs super Efimov

Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 
!

 “doubly” exponential

Efimov effect 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling

Super Efimov Effect of Resonantly Interacting Fermions in Two Dimensions
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We study a system of spinless fermions in two dimensions with a short-range interaction fine-tuned to a

p-wave resonance. We show that three such fermions form an infinite tower of bound states of orbital

angular momentum ‘ ¼ "1 and their binding energies obey a universal doubly exponential scaling EðnÞ
3 /

expð%2e3!n=4þ"Þ at large n. This ‘‘super Efimov effect’’ is found by a renormalization group analysis and

confirmed by solving the bound state problem. We also provide an indication that there are ‘ ¼ "2 four-

body resonances associated with every three-body bound state at EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ. These

universal few-body states may be observed in ultracold atom experiments and should be taken into

account in future many-body studies of the system.

DOI: 10.1103/PhysRevLett.110.235301 PACS numbers: 67.85.Lm, 03.65.Ge, 05.30.Fk, 11.10.Hi

Introduction.—Recently topological superconductors
have attracted great interest across many subfields in phys-
ics [1,2]. This is partially because vortices in topological
superconductors bind zero-energy Majorana fermions and
obey non-Abelian statistics, which can be of potential use
for fault-tolerance topological quantum computation [3,4].
A canonical example of such topological superconductors
is a p-wave paired state of spinless fermions in two
dimensions [5], which is believed to be realized in
Sr2RuO4 [6]. Previous mean-field studies revealed that a
topological quantum phase transition takes place across a
p-wave Feshbach resonance [7–9].

In this Letter, we study few-body physics of spinless
fermions in two dimensions right at the p-wave resonance.
We predict that three such fermions form an infinite tower of
bound states of orbital angular momentum ‘ ¼ "1 and their
binding energies obey a universal doubly exponential scaling

EðnÞ
3 / expð%2e3!n=4þ"Þ (1)

at large n. Here " is a nonuniversal constant defined modulo
3!=4. This novel phenomenon shall be termed a super
Efimov effect, because it resembles the Efimov effect in
which three spinless bosons in three dimensions right at an
s-wave resonance form an infinite tower of ‘ ¼ 0 bound
states whose binding energies obey the universal exponential

scaling EðnÞ
3 / e%2!n=s0 with s0 ' 1:00624 [10] (see Table I

for comparison).While the Efimov effect is possible in other
situations [11,12], it does not take place in two dimensions or
with p-wave interactions [12–14]. We also provide an indi-
cation that there are ‘ ¼ "2 four-body resonances associ-
ated with every three-body bound state at

EðnÞ
4 / expð%2e3!n=4þ"%0:188Þ; (2)

which also resembles the pair of four-body resonances in the
usual Efimov effect [15,16]. These universal few-body states

of resonantly interacting fermions in two dimensions should
be taken into account in future many-body studies beyond
the mean-field approximation.
Renormalization group analysis.—The above predic-

tions can be derived most conveniently by a renormaliza-
tion group (RG) analysis. The most general Lagrangian
density that includes up to marginal couplings consistent
with rotation and parity symmetries is

L ¼ c y
!
i@t þ

r2

2

"
c þ#y

a

!
i@t þ

r2

4
% "0

"
#a

þ g#y
ac ð%iraÞc þ gc yð%ir%aÞc y#a

þ v3c
y#y

a#ac þ v4#
y
a#

y
%a#%a#a

þ v0
4#

y
a#

y
a#a#a: (3)

Here and below, @ ¼ m ¼ 1, r" ( rx " iry, and sums
over repeated indices a ¼ " are assumed. c and#" fields
correspond to a spinless fermion and ‘ ¼ "1 composite
boson, respectively. The p-wave resonance is defined by
the divergence of the two-fermion scattering amplitude at
zero energy, which is achieved by tuning the bare detuning
parameter at "0 ¼ g2!2=ð2!Þ with ! being a momentum
cutoff.

TABLE I. Comparison of the Efimov effect versus the super
Efimov effect.

Efimov effect Super Efimov effect

Three bosons Three fermions
Three dimensions Two dimensions
s-wave resonance p-wave resonance
‘ ¼ 0 ‘ ¼ "1
Exponential scaling Doubly exponential scaling

PRL 110, 235301 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending
7 JUNE 2013

0031-9007=13=110(23)=235301(4) 235301-1 ! 2013 American Physical Society

Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4
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Efimov vs super Efimov

Are there other phenomena 

with doubly-exponential scaling ?
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Are there other “physics” phenomena 

with doubly-exponential scaling ?

Efimov vs super Efimov



/ 3030Summary

Super Efimov effect 
•  3 fermions 
•  2 dimensions 
•  p-wave resonance 
!

 “doubly” exponential

Efimov effect 
•  3 bosons 
•  3 dimensions 
•  s-wave resonance 
!

 exponential scaling

Super Efimov effect

En ⇠ e�2⇡n En ⇠ e�2e3⇡n/4

•  “Exact” RG analysis  =>  super limit cycle 

•  The first of  doubly-exponential scaling ? 

•  Extension to mass-imbalanced mixtures

New !


