
Fate	
  of	
  the	
  Higgs	
  mode	
  in	
  	
  
the	
  vicinity	
  of	
  a	
  quantum	
  cri6cal	
  point	
  

Adam	
  Rançon	
  	
  
ENS-­‐Lyon	
  

Nicolas	
  Dupuis	
  
LPTMC	
  (Paris)	
  

ERG	
  2014	
  



Fate	
  of	
  the	
  Higgs	
  amplitude	
  mode	
  in	
  
the	
  vicinity	
  of	
  a	
  quantum	
  cri6cal	
  point	
  

Adam	
  Rançon	
  	
  
ENS-­‐Lyon	
  

Nicolas	
  Dupuis	
  
LPTMC	
  (Paris)	
  

ERG	
  2014	
  



Experimental	
  observa6ons	
  

expected to diverge at low frequencies, if the probe in use couples
longitudinally to the order parameter2,4,5,9 (for example to the real part
of Y, if the equilibrium value of Y was chosen along the real axis), as is
the case for neutron scattering. If, instead, the coupling is rotationally
invariant (for example through coupling to jYj2), as expected for
lattice modulation, such a divergence could be avoided and the

response is expected to scale as n3 at low frequencies3,6,9,17.
Combining this result with the scaling dimensions of the response
function for a rotationally symmetric perturbation coupling to jYj2,
we expect the low-frequency response to be proportional to
(1 2 j/jc)

22n3 (ref. 9 and Methods). The experimentally observed sig-
nal is consistent with this scaling at the ‘base’ of the absorption feature
(Fig. 4). This indicates that the low-frequency part is dominated by
only a few in-trap eigenmodes, which approximately show the generic
scaling of the homogeneous system for a response function describing
coupling to jYj2.

In the intermediate-frequency regime, it remains a challenge to
construct a first-principles analytical treatment of the in-trap system
including all relevant decay and coupling processes. Lacking such a
theory, we constructed a heuristic model combining the discrete spec-
trum from the Gutzwiller approach (Fig. 3a) with the line shape for a
homogeneous system based on an O(N) field theory in two dimen-
sions, calculated in the large-N limit3,6 (Methods). An implicit assump-
tion of this approach is a continuum of phase modes, which is
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system in a Gutzwiller approximation shows a discrete spectrum of amplitude-
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units. b, In-trap superfluid density distribution for the four amplitude modes
with the lowest frequencies, as labelled in a. In contrast to the superfluid
density, the total density of the system stays almost constant (not shown).
c, Discrete amplitude mode spectrum for various couplings j/jc. Each red circle
corresponds to a single eigenmode, with the intensity of the colour being
proportional to the line strength. The gap frequency of the lowest-lying mode
follows the prediction for commensurate filling (solid line; same as in Fig. 2a)
until a rounding off takes place close to the critical point due to the finite size of
the system. d, Comparison of the experimental response at V0 5 9.5Er (blue
circles and connecting blue line; error bars, s.e.m.) with a 2 3 2 cluster mean-
field simulation (grey line and shaded area) and a heuristic model (dashed line;
for details see text and Methods). The simulation was done for V0 5 9.5Er (grey
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experimental uncertainty in the lattice depth, and predicts the energy
absorption per particle DE.
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2 for V0 5 10Er (grey), 9.5Er (black), 9Er (green), 8.5Er

(blue) and 8Er (red) as a function of the modulation frequency. The black line is
a fit of the form anb with a fitted exponent b 5 2.9(5). The inset shows the same
data points without rescaling, for comparison. Error bars, s.e.m.
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of singlet and triplet states on each dimer bond: the QD
state is described by the singlet component (jsi), and the
properties of the RC phase by an additional triplet compo-
nent. For the pressure-induced QPT, the wave function j!ii
of a dimer may be written as

 j!ii ! "cos"jsi# sin"eiQAF$ri jtzi%; (2)

where " increases monotonically with pressure from 0 at
p ! pc to #=4 for perfect antiferromagnetism, QAF is the
ordering wave vector, and ri the position of dimer i. The
triplet mixing coefficient sin" is the sole parameter deter-
mining all the physical properties of the ordered state
(TN&p', ms&p' ! g$B sin"=

!!!
2
p

, !L&p'), and is specified
entirely by the pressure evolution of the superexchange
parameters. The emergence of the longitudinal mode is
contained naturally in this theoretical framework.

The problem of modeling hydrostatic pressure effects in
TlCuCl3 is underconstrained. We have fitted the data by
assuming both an increase of J2 (an interdimer coupling in
the a-c plane [4]) and a reduction of J. Either change in
isolation acts to close the gap and to alter the dispersion,
making this linear at the band minimum at the QPT, where
a perfectly SU(2)-symmetric system would have three spin
waves. The evolution of the mode gaps at p < pc, and the
ordered moment and longitudinal mode gap at p > pc, are
reproduced with the functional forms J&p' ! J&1# A0p#
B0p2', J2&p' ! J2&1# A2p# B2p2'. The exponents of
the transition are dictated by the linear terms, which were
taken as A2 ! (A0 ! 0:006 60 kbar(1, while the qua-
dratic coefficients B2 ! (B0 ! 0:001 09 kbar(2 were
also necessary to ensure an adequate fit.

Similarly, the anisotropic interactions required to ac-
count for the experimental observations may reside on
the dimer bonds, on the interdimer bonds, or on both. In
a minimal model where only J is anisotropic, one may

define uni- and biaxial anisotropy parameters Jxx and Jyz
by Jx ! J# Jxx, Jy;z ! J) Jyz. The conclusions obtained
using interdimer exchange anisotropy are qualitatively
identical. The excitation gaps are very sensitive to this
anisotropy, which can thus be deduced with extremely
high precision from the INS data. The low-pressure data
show two resolved mode energies, the best fit giving gaps
! ! 0:65 meV and 0.79 meV. The separation of the upper
mode (T2) is reproduced by an easy-plane, uniaxial anisot-
ropy Jxx ! 0:008J for pure intradimer anisotropy (J0xx !
(0:004J0 for pure interdimer anisotropy). At p > pc we
observe (a) one massive ‘‘spin-wave’’ (transverse, T2)
mode with gap ! ! 0:38 meV, (b) one nearly massless
transverse mode (T1) with fitted gap 0.023 meV, and (c) one
excitation which becomes higher-lying away from pc (L).
(a) The gap of T2 is in good agreement with the value 0.8%
(( 0:4%) for the uniaxial anisotropy component deduced
at p < pc. (b) The data correspond to a biaxial anisotropy
of 0.002% (( 0:001%), a value impossible to resolve at
p < pc, and are more appropriately considered as setting
an effective upper limit on the possible mass of T1. (c) The
longitudinal mode shows a characteristic pressure evolu-
tion where the gap scales with the ordered moment and
Néel temperature, following precisely the parameter-free
curve in Fig. 4(b). The data for all pressures are described
by the same anisotropy, and its value is consistent with that
deduced from electron spin resonance measurements [12].

The field-induced QPT, because it involves a U(1)-
symmetric order parameter and quadratically dispersing
bosons, has been described as a Bose-Einstein condensa-
tion (BEC) of the single magnon mode which becomes
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FIG. 4 (color online). Longitudinal mode in the pressure-
controlled RC phase. (a) INS intensity as a function of energy
for predominantly longitudinal fluctuations (red peaks, Fig. 2)
measured at Q ! &0 4 0'. (b) Longitudinal mode gap !L&p': the
black curve obtained from the theoretical description has a
square-root form, !L&p' / &p( pc'1=2. (c) Integrated scattering
intensity, which is inversely proportional to the gap for p > pc.
(d) FWHM: here the black line is a guide to the eye, with fitted
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Amplitude	
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  scalar	
  fluctua6ons	
  

Podolsky	
  et	
  al.	
  2011	
  :	
  it	
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  on	
  the	
  correla6on	
  func6on	
  !	
  

G⇢ = h��i
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  spectral	
  func6on	
  to	
  be	
  of	
  order	
  ωd+1	
  at	
  small	
  ω	
  (no	
  divergence),	
  so	
  the	
  
resonance	
  might	
  s6ll	
  be	
  visible	
  close	
  to	
  the	
  QCP.	
  

But	
  is	
  the	
  amplitude	
  mode	
  s6ll	
  well	
  defined	
  close	
  to	
  the	
  quantum	
  cri6cal	
  point	
  ?	
  	
  

� =
p
⇢n

magnitude	
  

Not	
  the	
  same	
  correla6on	
  func6on	
  !	
  	
  
Example	
  for	
  an6ferromagnets: 	
  -­‐	
  longitudinal	
  =	
  neutron	
  scamering	
  

	
   	
   	
   	
   	
   	
   	
  -­‐	
  scalar	
  (amplitude)	
  =	
  Raman	
  scamering	
  



Amplitude	
  mode	
  :	
  Large	
  N	
  

0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.02

0.04

0.06

0.08

0.10

�⇢(!)

Spectral	
  func6ons	
  :	
  far	
  from	
  cri6cality	
  
�↵(!) = ImG↵(i!n ! ! + i0+)

�l(!)



Amplitude	
  mode	
  :	
  Large	
  N	
  

Spectral	
  func6ons	
  :	
  far	
  from	
  cri6cality	
  

0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.02

0.04

0.06

0.08

0.10



Amplitude	
  mode	
  :	
  Large	
  N	
  

Spectral	
  func6ons	
  :	
  closer	
  to	
  cri6cality	
  

0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.05

0.10

0.15

0.20



0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.05

0.10

0.15

0.20

Amplitude	
  mode	
  :	
  Large	
  N	
  

Spectral	
  func6ons	
  :	
  closer	
  to	
  cri6cality	
  

0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.05

0.10

0.15

0.20



0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.05

0.10

0.15

0.20

Amplitude	
  mode	
  :	
  Large	
  N	
  

Spectral	
  func6ons	
  :	
  cri6cal	
  regime	
  –	
  no	
  amplitude	
  mode	
  

0.0 0.5 1.0 1.5 2.0 2.5 3.0
⇥
�

0.00

0.05

0.10

0.15

0.20

!3

!3�2/⌫ = !

Ror	
  1/N	
  correc6ons,	
  see	
  (if	
  you	
  dare)	
  Podolsky	
  &	
  Sachdev,	
  PRB2012	
  



Amplitude	
  mode	
  :	
  Small	
  N	
  Monte	
  Carlo	
  

Recent	
  Monte	
  Carlo	
  simula6ons	
  :	
  Polet	
  et	
  al.	
  PRL	
  2012,	
  Gazit	
  et	
  al.	
  PRL	
  2013,	
  
Chen	
  et	
  al.	
  PRL	
  2013	
  for	
  N=2	
  and	
  3	
  	
  

4

duced from the MaxEnt analysis, which is less reliable in
this regime.

In the ordered phase, the asymptotic low frequency rise
of the susceptibility was predicted [12, 13, 17] to be

⌅⇥⇥
� ⇥ (�/�)3 , � ⇤ � ⇤ 1. (9)

The �3 rise is due to the decay of a Higgs mode into a
pair of Goldstone modes. On the other hand, Fig. 4 does
not display a clear �3 low frequency tail. An alterna-
tive method to look for this tail exists, without the need
to analytically continue the numerical data to real time.
Equation (9) transforms into the large imaginary time
asymptotics ⌥s (⇧) ⇥ 1/⇧4.

For N = 3 we indeed find the asymptotic behavior
⌥s(⇧) ⇥ 1/⇧4. Interestingly, for N = 2 we do not find a
conclusive asymptotic fall-o⇧ as 1/⇧4, Instead, the data
fits better to an exponential decay, as in the disordered
phase (see Eq. (7)). We find excellent agreement between
the extracted decay rate and the value of mH obtained
from the MaxEnt analysis, further validating our results
for the Higgs mass. We note that the power law be-
haviour might be regained for larger values of ⇧ below our
statistical errors. In both cases, we can safely conclude
that the spectral weight of the Higgs peak dominates over
the low frequency �3 tail, enhancing its visibility. The
large ⇧ analysis is discussed elsewhere [23].

Discussion and Summary– Our results are directly ap-
plicable to all experimental probes that couple to a func-
tion of the order parameter magnitude. For example, the
lattice potential amplitude in the trapped bosons sys-
tem [16, 18], or pump-probe spectroscopy in Charge Den-
sity Wave systems [6–8]. Such a probe can be expanded
near criticality in terms of the order parameter fields and
their derivatives,

⇥(x, ⇧) = �|⌦⌃|2 + ⇥| µ⌦⌃|2 + ⇤(|⌦⌃|2)2 + . . . (10)

FIG. 4. Rescaled spectral function vs. �/� for N = 2, 3,
at µ = 0.5. At low values of �/�, these curves collapse to
the universal scaling function ⇥⇥⇥

�(�/�), in accordance with
Eq. 5.

So long as � ⌅= 0, the first term is more relevant than the
rest. Hence, the scalar susceptibility defined in Eq. (2)
dominates the experimental response at low frequencies
and wave vectors.
In summary, we have calculated the scalar susceptibil-

ity for relativistic O(2) and O(3) models in 2+1 dimen-
sions near criticality. We have demonstrated that the
Higgs mode appears as a universal spectral feature sur-
viving all the way to the quantum critical point. Since
this is a strongly coupled fixed point, the existence of
a well defined mode that is not protected by symmetry
is an interesting, not obvious, result. We presented new
universal quantities to be compared with experimental
results.
During the submission of this paper we became aware

of a similar analysis [31] on the Bose-Hubbard model.
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Supplementary Material for “Fate of the Higgs
mode near quantum criticality”

Real frequency dynamics can be computed by analytic
continuation of the imaginary time correlation function.
Given the spectral function A(�), the Matsubara Green’s
function G(i�m) is obtained by

G(i�m) =
1

⌅

� ⇤

0

2�

�2
m + �2

A(�)d� (11)

(In the supplementary material section we use the nota-
tion G(i�m) and A(�) to avoid confusion with the good-
ness of fit ⌥.) Analytic continuation from Matsubara
frequencies to real frequencies amounts to inversion of
the problem above.
Unfortunately, the inverse of the kernel K(i�m,�) =

1
�

2⇥
⇥2

m+⇥2 has exponentially growing singular values and

is therefore ill-conditioned. This renders the problem
highly sensitive to the inevitable statistical noise in the
Monte Carlo simulation. Naive minimization of the good-
ness of fit ⌥2 = (G � KA)T⇤(G � KA), where ⇤ is the
covariance matrix, leads to an exponential amplification
of the statistical noise obtained in A(�).
To overcome this issue one must use a regularization

procedure. One common approach is to introduce a cost
function f(A) that penalizes unphysical solutions, and to
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The universal spectral function ⇥SF has three distinct
features: a) A pronounced peak at ⇧H/� ⇤ 3.3, which
is associated with the Higgs resonance. Since the peak’s
width ⇥/� ⇤ 1 is comparable to its energy, the Higgs
mode is strongly damped. It behaves as a well-defined
particle only in a moving reference frame; b) A mini-
mum and another broad maximum between ⇧/� ⌃ [5, 25]
which may originate from multi-Higgs excitations [14];
c) the onset of the quantum critical quasiplateau, in
agreement with the scaling hypothesis (1), starting at
⇧/� ⇤ 25. These features are captured by an approxi-
mate analytic expression with normalized ⌅2 ⇥ 1,

⇥SF(x) =
0.65x3

35 + x2/�

�
1 +

7 sin(0.55x)

1 + 0.02x3

⇥
(6)

We only claim that a plateau is consistent with our imag-
inary time data and emerges from the analytic continu-
ation procedure which seeks smooth spectral functions;
i.e., other analytic continuation methods may produce an
oscillating behavior in the same frequency range within
the error bar in Fig. 2

In the MI phase we approach the QCP along trajec-
tory iii in Fig 1. The scaling hypothesis for the spectral
function has a similar structure to the one in Eq. (1),

SMI(⇧) ⇧ �3�2/�⇥MI(
⇧

�
) . (7)

The low-energy behavior of ⇥MI starts with the thresh-
old singularity at the particle-hole gap value, ⇥MI(x) ⇤
1/ log2(4/(x�2))⇤(x�2), see Ref. [16]. At high frequen-
cies ⇥MI(x ⌅ 1) has to approach the universal quantum
critical quasiplateau (same as in the SF phase). Our
results for the spectral functions at g = 0.2576 (with
L = 20,� = 10) and g = 0.1276 (with L = 40,� = 20)
are presented in Fig.6. The universal scaling spectral
function shows an energy gap (this is also fully pro-
nounced in the imaginary time data). The left-hand side
of the first peak is much steeper than in the SF phase, in
agreement with the theoretical prediction for the thresh-
old singularity.

The universal spectral function in the MI is remarkably
similar to its SF counterpart featuring a sharp resonance
peak. (Since MI and SF are separated by a critical line
their scaling functions ⇥MI and ⇥SF remain fundamen-
tally di⇤erent at energies smaller than ⇧H). This obser-
vation is rather counterintuitive given that the superfluid
order parameter is zero and raises a number of theoretical
questions regarding the nature and properties of collec-
tive excitations in the MI phase at finite energies. In
particular, can it be linked to the established picture of
renormalized free-energy functional for the order param-
eter field [17] at distances under the correlation length?

If finite energy excitations probe system correlations
predominantly in a finite space-time volume, one would
expect that some resonant feature may survive even in

 0

 0.5

 1

 1.5

 2

 2.5

 0  4  8  12  16  20  24  28  32

[!
(g

)/J
]2/

"#
3 S M

I($
)/J

$/!(g)

g=0.2576
g=0.1276

 0.5

 1

 1.5

 2  4  6  8
S M

I($
)/J

$/J

FIG. 6. (Color online) Collapse of the spectral functions for
di�erent U along trajectory iii in the MI phase, labeled by the
detuning g = (U � Uc)/J . Inset: Original data for SMI(�).

the NL phase at su⌅ciently low, but finite tempera-
ture T < J (at g = gµ = 0, the superfluid transi-
tion temperature is zero) In this quantum critical region,
temperature determines the characteristic energy scale,
thus SNL(⇧) ⇧ T 3�2/�⇥NL(⇧/T ), and all excitations are
strongly damped. Simulations performed at T/J = 0.5
on the trajectory iv in the inset of Fig. 1 indeed find a
peak at low energies before the critical quasiplateau, see
Fig. 2, but it is much less pronounced and the oscillatory
component (second peak) is lost. Unfortunately, numer-
ical complexity does not allow us to verify the scaling
law directly by collapsing simulations at lower tempera-
tures and bigger system sizes. Our case for universality
of ⇥NL(x) is thus much weaker and rests solely on the
theoretical consideration that the plateau (at the same
value as in the SF and MI phases) separates universal
physics from model specific behavior.

In conclusion, we have constructed the universal spec-
tral functions ⇥ for the kinetic energy correlation func-
tion for all three phases in the vicinity of the interaction
driven QCP of the 2D Bose-Hubbard model. Although
the nature of excitations in these phases is fundamen-
tally di⇤erent at low temperature, their ⇥ functions all
feature a resonance peak which in the SF and MI phases
is followed by a broad second peak and evolve then to a
quasiplatform at higher energy in agreement with scaling
predictions. In the SF phase, the first peak is interpreted
as a damped Higgs mode. In the MI and NL phase, the
existence of a resonance is unexpected and requires fur-
ther theoretical understanding of amplitude oscillations
at mesoscopic length scales. Experimental verification
with cold gases requires flatter traps and lower temper-
atures and is accessible within current technology. It
would signify a new hallmark, going beyond the previous
studies of criticality near Gaussian fixed points.

We wish to thank I. Bloch, M. Endres, D. Podol-
sky, and B. V. Svistunov for valuable discussions. This
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Average	
  Effec6ve	
  Ac6on	
  
(“Gibbs”	
  free	
  energy)	
  	
  

“Func6onal	
  free	
  energy”	
  gives	
  access	
  to	
  all	
  the	
  physics	
  :	
  	
  	
  

Bare	
  ac6on	
  :	
  

S =

Z �

0
d�

Z
ddx

⇢
1

2
⇥i(�c�2⇤2

⇥ �r2 + r0)⇥
2
i +

u0

4!N
(⇥2

i )
2

�

modified	
  Legendre	
  transform	
   �i(⌧) = h i(⌧)i

�k[�, h]

Wk[J, h] = ln

Z
D ie

�S��Sk+Ji i+h⇢

Source	
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  amplitude	
  

G⇢(p) = ��(0,2)(p) + �(1,1)(p)Gl(p)�
(1,1)(p)



Ansatz	
  	
  

�[�, h] = �[�, 0] +

Z

x,y

1

2
(�2(x)� �2
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h(x)H2(x� y)h(y)

Standard	
  deriva6ve	
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  expansion	
  

�(2,0)
l (p) = p2 +�A(p) + �2

0�B(p)

Parameteriza6on	
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  longitudinal	
  propagator	
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  approxima6on	
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  -­‐	
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-­‐If	
  so	
  :	
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Conclusion and Perspectives 

•  NPRG	
  study	
  of	
  amplitude	
  mode	
  close	
  to	
  a	
  non-­‐trivial	
  cri6cal	
  point.	
  
Available	
  approaches	
  :	
  Monte-­‐Carlo,	
  NPRG,	
  others	
  ?	
  

•  Study	
  of	
  the	
  amplitude	
  mode	
  for	
  all	
  N.	
  Nice	
  agreement	
  with	
  Monte-­‐
Carlo	
  	
  for	
  N=2.	
  Case	
  N=3	
  needs	
  further	
  studies	
  :	
  

F.	
  Rose,	
  F.	
  Leonard,	
  B.	
  Delamome	
  and	
  N.	
  Dupuis	
  :	
  	
  
Self-­‐consistent	
  BMW	
  approach	
  

Cri6cal	
  regime	
  :	
  
correct	
  exponents	
  !	
  



Perspectives bis 

•  No	
  amplitude	
  mode	
  resonance	
  in	
  the	
  disordered	
  regime	
  

•  Resonance	
  exists	
  in	
  the	
  BKT	
  phase	
  (vanishing	
  order	
  
parameter	
  !).	
  Up	
  to	
  what	
  temperature	
  ?	
  	
  	
  	
  (	
  TBKT	
  ≈	
  mH/5	
  )	
  

-­‐ Numerical	
  analy6c	
  con6nua6on	
  hard	
  at	
  large	
  T	
  :	
  Strodthoff	
  et	
  al.	
  scheme	
  ?	
  

-­‐ Large	
  N,	
  resonance	
  exists	
  for	
  2.7	
  <	
  d	
  ≤	
  	
  3,	
  and	
  “high	
  temperature”	
  (frac6on	
  of	
  Tc)	
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FIG. 3. Characteristic momentum scales pG, pJ and pc vs
Tc � T for fixed u0 [Eqs. (57) with r0 = r̄0(T � T0)].

FIG. 4. Momentum dependence of the longitudinal correla-
tion function G��(p) in the critical and non-critical regimes
of the low-temperature phase as obtained from the large-N
limit (2 < d < 4).

which also characterizes the divergence of the correlation
length in the high-temperature phase [23]. The momen-
tum scales (57) are not independent since

p2c = p2G

⇤
pJ
pG

⌅d�2

. (58)

If we vary r0 with u0 fixed, we find that the three char-
acteristic scales (57) are equal when T = TG, where TG

is defined by

r̄0(Tc � TG) =
1

2

⇤
u0Ad

6

⌅2/(4�d)

(59)

(see Fig. 3). We have assumed that r0 = r̄0(T � T0)
(with T0 the mean-field transition temperature) and used
r0c = r̄0(Tc�T0). We recognize in (59) the Ginzburg cri-
terion [2] so that we can identify TG with the Ginzburg
temperature separating the critical regime near the tran-
sition from the non-critical regime at su⇥ciently low tem-
peratures.

In the critical regime (Tc � T ⇤ Tc � TG or pJ ⇤
pG), using pJ ⇤ pc ⇤ pG, one finds the longitudinal
correlation function

G⇥⇥(p) =

⌥
⌦⌦ 

⌦⌦�

p2�d
J

|p|4�d
if |p| ⇤ pJ ,

1

p2
if |p| ⌅ pJ ,

(60)

while in the non-critical regime (Tc � TG ⇤ Tc � T or
pG ⇤ pc),

G⇥⇥(p) =

⌥
⌦⌦ 

⌦⌦�

1

p2c

⇤
pG
|p|

⌅4�d

if |p| ⇤ pG,

1

p2 + p2c
if |p| ⌅ pG.

(61)

In the non-critical regime, we recover the results of sec-
tion II B. We find two characteristic momentum scales
(pG and pc) and two regimes for the behavior of G⇥⇥(p):
i) a Goldstone regime (|p| ⇤ pG) characterized by a
diverging longitudinal propagator G⇥⇥(p) ⇥ 1/|p|4�d,
ii) a Gaussian (perturbative) regime (|p| ⌅ pG) where
G⇥⇥(p) ⇧ 1/(p2 + p2c). The critical regime is char-
acterized by two momentum scales (pJ and pG) and
three regimes for the behavior of G⇥⇥(p): i) a Gold-
stone regime (|p| ⇤ pJ) with a diverging longitudinal
propagator, ii) a critical regime (pJ ⇤ |p| ⇤ pG) where
G⇥⇥(p) ⇥ 1/|p|2�� with a vanishing anomalous dimen-
sion � (� is O(1/N) in the large-N limit [23, 26]), iii)
a Gaussian regime (pG ⇤ |p|) where G⇥⇥(p) ⇧ 1/p2.
These results are summarized in figure 4.

D. The non-perturbative RG

1. The average e�ective action

The strategy of the NPRG is to build a family of the-
ories indexed by a momentum scale k such that fluctu-
ations are smoothly taken into account as k is lowered
from the microscopic scale ⇤ down to 0 [27, 28]. This is
achieved by adding to the action (1) the infrared regula-
tor

⇥Sk[⇥] =
1

2

↵

p,i

⇤i(�p)Rk(p)⇤i(p). (62)

The average e�ective action

�k[�] = � lnZk[J ] +

�
ddr
↵

i

Ji⇥i �⇥Sk[�] (63)

is defined as a modified Legendre transform of � lnZk[J ]
which includes the subtraction of ⇥Sk[�]. Here Ji is an
external source which couples linearly to the ⇤i field and
�(r) = ⌃⇥(r)⌥J . The cuto� function Rk is chosen such
that at the microscopic scale ⇤ it suppresses all fluctua-
tions, so that the mean-field approximation ��[�] = S[�]
becomes exact. The e�ective action of the original model
(1) is given by �k=0 provided that Rk=0 vanishes. For a
generic value of k, the cuto� function Rk(p) suppresses
fluctuations with momentum |p| . k but leaves unaf-
fected those with |p| & k. The variation of the average
e�ective action with k is governed by Wetterich’s equa-
tion [29]

⌅t�k[�] =
1

2
Tr

⇧
Ṙk

�
�(2)
k [�] +Rk

⇥�1
⌃
, (64)
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