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Introduction

Spontaneous symmetry breaking in condensed matter

Quantum liquids:

o Superfluid *He (bosons)

o Superfluid *He (fermions)

Solids:

o Crystallization

Electrons in solids:

o Magnetism: ferro-, ferri-, antiferro-, ...

©

Charge order: density waves, stripes, ...
Orbital order

Superconductivity: singlet (s-wave, d-wave), triplet (p-wave)

©

©
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Introduction

Famous example: CuOy high temperature superconductors

» e antiferromagnetism
I .
; in undoped compounds
L
o |l e d-wave superconductivity
p=} .. .
® at sufficient doping
[0}
g [
L . .
§ 0 e Pseudo gap, non-Fermi liquid
in "normal” phase at finite T
. > energy
Doping x [eV]
Vast hierarchy of energy scales: 107 U (Coulomb repulsion)
Magnetic interaction and 14 o )
o t (kinetic energy, hopping)
superconductivity generated
. . 4 J (magnetic interaction
from kinetic energy and 01 (mag )
Coulomb interaction 0.01 7 kgT, (transition temperature for SC)
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Introduction

Prototype: Hubbard model

Effective single-band model for CuOs-planes in HTSC:
(Anderson '87, Zhang & Rice '88)

. *. . *- . Hamiltonian H = Hy;, + H,

oy o Aey o *-*U Hyy = ZZtijciTUCjUZZEk”ka
T T "

V Hio= U
i

Antiferromagnetism at/near half-filling for sufficiently large U

d-wave superconductivity away from half-filling
(perturbation theory, RG, cluster DMFT, variational MC, some QMC)
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Introduction

Fermionic flow equations

Fermi surface singularity at w =0, g = ek — =0

Flow parameter: Infrared cutoff A >0

® —A
o Momentum cutoff: Gé\(k, iw) = (I|€k|€) ol
W — Gk
® —A
o Frequency cutoff: G (k, iw) = E:’|£)
— &k

Many other choices: mixed momentum-frequency, smooth cutoff etc.

Initial condition: Ay = band width (momentum) or oo (frequency)
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Introduction

Fermionic flow equations
Exact functional flow equation for effective action I'*[¢), /]
(Wetterich 1993; Salmhofer & Honerkamp 2001)

= Exact hierarchy of flow equations for m-particle vertex functions
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Introduction

Effective 2-particle interaction at 1-loop
2 2 2 2

9 — A
&S 8 & are
1 v 1 Iz A =0

1 2 2 g

+ % % + % %
1 2 1 2

All channels (particle-particle, particle-hole) captured on equal footing.

(a) B% Mv\»@wv = N\/\@AA
Flow equations for
susceptibilities 5

(b) A =
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Introduction

Effective interaction and susceptibilities in Hubbard model:

S0 e

i T(1,1:5) —
1-loop flow of a0 b B T .
interactions 300 Lo — Sl/{\gle;t v/ertex
Z 20p Il:ig?llég B I (kl' ko k1, k2)
- I'(2,10:2) - . .
2 10 et for various choices
=
0 of kl, kz, k{
-10 B
20 ' ' : )
oot ol ! Divergence
100 : : : at critical scale A,
sdw (mm) —— B n - oMo
sdwmdnd - indicates instability
d %
1-loop flow of W
susceptibilities =
= Zanchi & Schulz '97-'00
n = 0.984 . Halboth & wm '00
U=t Honerkamp et al. '01
/ . . .
t=0 ot 0.01 0.1 1
Alt
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Introduction

Routes to symmetry breaking

Divergence of effective interaction at scale A, signals instability

= order parameter generated J

Routes to spontaneous symmetry breaking in functional RG:

o Hubbard Stratonovich bosonization (Baier, Bick, Wetterich 2004)

o Fermionic flow with order parameter (Salmhofer et al. 2004)
— Andreas Eberlein

Issues:

o Accurate order parameters
o Order parameter fluctuations

o Ward identities — Goldstone mode
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Introduction

Outline

Introduction

©

©

Coupled fermion-boson flow for a fermionic superfluid

©

Fermionic functional RG for a fermionic superfluid

©

Fusion of functional RG and mean-field theory

Superfluid state prototype for continuous symmetry breaking
with Goldstone mode J

This lecture: Focus on ground state (T = 0)
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Coupled fermion boson flow for a fermionic superfluid

Model for fermionic superfluid

Fermionic action with attractive contact interaction U < 0
S, 9] = / Pro (ko — &) i + U / ok Dkt Vit tbq i,

Yo, Vko Grassmann fields, k = (ko, k), ko Matsubara frequency

Spin-singlet pairing with U(1)-symmetry breaking

Complex order parameter (j1_k|)
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Coupled fermion boson flow for a fermionic superfluid

Hubbard-Stratonovich bosonization

Decouple two-fermion interaction by Hubbard-Stratonovich transformation,
introducing a bosonic order parameter field

S, ¥, 9] = —/kall_)ka(fko—fk)wo—/q%b%

- /k y (lﬁqfkﬂkﬂ/)q + WT%*@%)

U(1) symmetry: o — e/%1), i > e %0, ¢ s e2%9), ¢* s e 2%
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Coupled fermion boson flow for a fermionic superfluid

Exact flow equation for effective action

Add regulator functions R® and R{* for fermions and bosons

= Scale dependent effective action T'* [, ), ¢]

Exact flow equation d

(Wetterich 1993) dA

{0.5.6] = e R
2, 9, ¢] = QStrr(2)A[w,1/_J,¢]+RA J

F(z)A[l/J, 1, ¢] matrix of second derivatives w.r.t. fields
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action

TA[Y, §, ¢] = TL[¢] + T2[w, P] + T [0, . ¢)]

bosons fermions mixed

Two distinct regimes:

e A > A, symmetric regime, no anomalous terms

e A < A.: symmetry broken regime, anomalous terms (1), ¥1)¢ etc.)

Conditio sine qua non: respect symmetry
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: fermions
Only quadratic terms:
DA = = [ e (12 ko = APC) v

+ /k’a (AAd_LkﬁﬁkT + AA*WWLN)

Second term with pairing gap A’ only in symmetry-broken regime
Z2 and A2 finite renormalizations — usually discarded (Z/* = A} =1)

Quartic terms (generated by flow) may be decoupled
during the flow by dynamical bosonization
(Gies & Wetterich 2002, 2004; Floerchinger et al. 2008, 2009)
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: fermion-boson interaction

Thelv, 0, ¢] = gA/I; (?Zq—kwﬁmcf)q + T;Z)kﬁbq—kj,ﬁbZ)

q

+ g/\ /k . ('(/_}qfkﬂﬁkﬁbiq + ¢k¢¢q,k¢¢_q>

Second (anomalous) term only in symmetry-broken regime
g" small, often neglected (2 = 0)
Renormalization of g”* small, often neglected (g”* = 1)

Other terms (e.g. Y1, Y1pp*¢) usually discarded

A. Eberlein and W. Metzner Spontaneous symmetry breaking in fermion systems



Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: bosons

General structure:

/dx UL [(6(x)] + gradient terms

Simplest (quartic) ansatz for local part:

Uloc(¢) (ml/7\
Uloc(¢) %UA

A. Eberlein and W. Metzner

2|62 + Lutp[* for A > Ac
[l¢]* — o™ ]2 for A < Ac (mexican hat)

Spontaneous symmetry breaking in fermion systems
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: boson gradient terms

Simplest (quadratic) ansatz for gradient terms: Birse et al. 2005
1 A ix A ) Diehl et al. 2007
5 [ X[WA6 (00600 = ZRIVOIE]  Krippa 2007

The simplest ansatz, with quartic local and quadratic gradient terms
yields decent results for A and T in three dimensions, not only for weak,
but also for strong interactions (from BCS to BEC).
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Coupled fermion boson flow for a fermionic superfluid

Example: T, in three dimensions

Critical temperature T, versus inverse scattering length for fermions
in 3D continuum, obtained from relatively simple ansatz for T'*:

0.3
0.25
0.2

Diehl, Gies,
0.15 Pawlowski,
i Wetterich 2007
0.05

1
-2 0 2 4 6 8

Decent approximation from weak to strong attraction!
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: boson gradient terms

Simplest (quadratic) ansatz for gradient terms: Birse et al. 2005
1 . Diehl et al. 2007
; / de [ WA (x)Dg 6(x) — Z8 |V 6(x)?] Krippa 2007

The simplest ansatz, with quartic local and quadratic gradient terms
yields decent results for A and T, in three dimensions, not only for weak,
but also for strong interactions (from BCS to BEC).

But: v®, WA, (Zt/,\)_1 scale to zero for A — 0 in dimensions d < 3 |

Strong renormalization of longitudinal order parameter fluctuations
expected, but transverse fluctuations (Goldstone) should be protected !

= Mission: Save the Goldstone mode!
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Coupled fermion boson flow for a fermionic superfluid

Ansatz for effective action: boson gradient terms

Goldstone mode protected "by hand"” in Strack, Gersch, wm 2008

Goldstone mode protection by symmetry can be achieved by adding
quartic gradient term

1 A 212 Strack, PhD thesis 2009
é/dx YE(VIe(x)[7) Obert, Husemann, wm 2013

Previously introduced to treat Goldstone mode in O(N) models by
Tetradis & Wetterich 1994
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Coupled fermion boson flow for a fermionic superfluid
Decomposition in longitudinal and transverse fluctuations

Choose bosonic order parameter a”* real and positive

Decompose ¢(x) = o™ + o (x) +im(x), ¢q=aldq+ 0q+ img

with longitudinal (o) and transverse (7) fluctuations =

Tp[e] = ;/q [mg—kza(qg +W3)}Uq07q

1
—|—§/Z7T(q(2,—|—wg)7rq7r_q—|—/ Wqomqo_q
q q

1 1

U(p)aUpJqU_q_p + e+ =

T3 ap 4

) U(p)oqop—qTqT—p—q
a.9'.p

with m2 = uo?, Z, = Zp, Z, = Zp+ Ya?, and U(p) = u+ Y (p§ + w3)
wfl ~ @ for small q
A. Eberlein and W. Metzner
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Coupled fermion boson flow for a fermionic superfluid

Decomposition in longitudinal and transverse fluctuations

Toelv, 0, ¢] = ga/k (g Vr10q + Yrrphg—k10—q)
q

+igr /k (Vg—k Vit Tqg — Yrrthg—k ) T—q)
q

with g, =g+ gand g =g—&
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Nearest neighbor hopping t, dispersion ex = —2t(cos ky + cos k)

Moderate attractive interaction U = —4t
Quarter filling (Fermi surface nearly circular)

T = 0 (ground state)

Regulator functions:

Re(k) = Re(ko) = [iAsgn(ko) — iko] ©(A — |kol)
Ro(q) = Ru(qo) = Zp(A* — q3) O(A — |qo|)

A. Eberlein and W. Metzner Spontaneous symmetry breaking in fermion systems
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Flow of gap A and bosonic order parameter «:

:l -I .I -I .'.I-I. I. T ' LI I B ) ' LI I I ' LI I B ) ' LI I B ) ' LI | I:
0.8 AL LT -
:
:

X ——een ]
0.2 o ]

c-l L1l l Ll 1l l Ll 1.l l Ll 11 l Ll 1.l l Ll 1.l l L1l ]
0 0.2 0.4 0.6 0.8 1 1.2 14

A

A slightly larger than «
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Flow of bosonic masses m? and m2:

1 ™ oo oo oo LR R R |

0.1

0.01

0.001
l 1 IIIIIIIl 1 IIIIIIIl 1 IIIIIIIl 1 L L 1111l
0.0001 44
0.01 0.1 1 10 100
A
m? vanishes for A — 0
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Flow of bosonic Z-factors:

1000 T LR LR | LR | LAY | T T 1117

il Lol Lol Ll |||||||"\| L1111l
0.0001 0.01 0.1 1 10 100
A

Z, diverges, Z, saturates for A — 0
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Flow of interaction parameters u and Y':

1000 g
100k
--=-u
10 — 1

CRALL AL ALl

Y
\)
»
Y
[}
A}

0.1

YT
Ly
»
.
1

0.01

0.001

T T T

LIl Ll Aol Ll pul T‘l L1l
0.0001 0.01 0.1 1 10 100
A

u vanishes, Y diverges for A — 0
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Coupled fermion boson flow for a fermionic superfluid

Flows for attractive 2D Hubbard model

Flow of the o-m mixing coefficient W:

1111l

PR |

PR |

PR |

pul ol raanl Lol Ll
0.0001 0.01 0.1 1 10
A

=
o
o

W vanishes for A — 0
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Coupled fermion boson flow for a fermionic superfluid

Goldstone mode — cancellations from symmetry

Vanishing Goldstone mass m,, = 0 conserved by flow?
At first sight, many contributions:

ot [odfomirn] O
_f_%/{ u—|—2U(q)] DAGmr(q)‘FDAGcm(q)}

_/qc[’U(q)]ZOézDA |Goo(9)Grn(9) + G2 (9)] Q

Gr (k) = = (YroVko)s Fr(k) = —(iptd_sy)

Goo(q) = (0q0—¢q), Grn(q) = (Tqm—q)s Gro(q) = (Tq0—¢q)

Derivative D acts only on regulator function in propagators
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Coupled fermion boson flow for a fermionic superfluid

Goldstone mode — cancellations from symmetry

Bosonic fluctuation contributions cancel =

d , g g /
—m2=2(%2_%r D Fr(k
dAm7T (oz A K nFe(k)

Ward identity from U(1)-symmetry:
case g = 0:
A =ga—ga* = gra for real o J Bartosch, Kopietz, Ferraz 2009

d 2
= —mﬁ = E(gg—gﬂ)/kDAFf(k) =

d . Goldstone mass
JA M = 0 iff go = gr J vanishes

A. Eberlein and W. Metzner Spontaneous symmetry breaking in fermion systems
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Coupled fermion boson flow for a fermionic superfluid

Goldstone mode — cancellations from symmetry

Setting g, = g yields further cancellations in other quantities
such that

o Ward identity A = gra consistent with flow of A, g; and «

o Z; finite for A -0
o W/m(z7 — C finite for A — 0

1 Cqo

Gﬂ'ﬂ_ ~N o5 o\ G7TU' [ A G Y
> Gunla) Zo (@ +w2) (@) Z (@ +2)

m2, W, and Z; ! vanish for A — 0 (proportional to A in 2D)
Gy (q) exhibits anomalous scaling

Full agreement with IR behavior known for interacting bosons
(e.g. Pistolesi et al. 2004)
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Coupled fermion boson flow for a fermionic superfluid

Goldstone mode — cancellations from symmetry

Not yet happy?
Exact flow would yield g, # g

Consistent truncation with g, # g, requires inclusion of
two-fermion-two-boson vertices (Ward identity)
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Coupled fermion boson flow for a fermionic superfluid

Summary (symmetry-breaking via bosonization)

o fRG with Hubbard-Stratonovich bosonization ideal framework
to treat order parameter fluctuation effects

o A simple truncation of the effective action captures all singularities
associated with the Goldstone boson in fermionic superfluids
(Obert, Husemann, wm 2013)

o Many other problems of symmetry-breaking treated by fRG with
HS-fields, mostly by Heidelberg group: antiferromagnetism,
d-wave superconductivity, Kosterlitz-Thouless transition, ...
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