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Motivation

aim at a theory of quantized matter and quantized forces

matter is composed of fermions ⇒ DψDψ̄ 3

SM forces mediated via gauge field ⇒ DAa
µ 3

gravity encoded in spacetime curvature ⇒ D? 7

⇒ need to describe fermions in curved spacetime

⇒ vierbein formalism is mandatory

e a
µ e b

ν ηab = gµν , ∇µe a
ν = 0 ?
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Issue I - Clifford algebra

Clifford algebra:
{γµ, γν} = 2gµνI

multiply with vierbein e a
µ :

{eµaγµ, eνbγν} = 2eµae
ν
bgµνI = 2ηabI

⇒ γ(f)a := eµaγµ are usual flat spacetime gamma matrices?

then they would satisfy ∂µγ(f)a = 0

BUT: there are γµ, where one cannot remove the spacetime
dependence with a vierbein
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Issue II - Coordinate transformations

Lorentz transformations Λa
b in flat space: Λc

aΛd
bηcd = ηab

nice property of the flat gammas: Λb
aγ(f)b = SLorγ(f)aS

−1
Lor

BUT: no general rule for coordinate transformations

e.g.: x3 → 1
αx

3 ⇒ η′ab = diag(−1, 1, 1, α2)

on the other hand (Sγ(f)3S
−1)2 = I 6= α2I
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Spin-base invariance

Dirac structure:

Clifford algebra (irreducible representation):
{γµ, γν} = 2gµνI, γµ ∈ Cdγ×dγ , dγ = 2bd/2c

Dirac conjugation with spin metric h:
ψ̄ = ψ†h, |det h| = 1

perform coordinate transformation γµ → γ′µ

{γ′µ, γ′ν} = 2g ′µνI = 2 ∂xρ

∂x ′µ
∂xλ

∂x ′ν gρλI = { ∂xρ∂x ′µγρ,
∂xλ

∂x ′ν γλ}

most general solution γ′µ = ± ∂xρ

∂x ′µSγρS
−1, S ∈ SL(dγ ,C)
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have two independent coordinate transformations

diffeomorphisms (change of spacetime base):
γµ → γ′µ = ∂xρ

∂x ′µγρ
ψ → ψ′ = ψ
h→ h′ = h

spin base transformations (change of spin base):
Sϕ = eiϕS ∈ SB(dγ) = {eiϕS : eiϕ ∈ U(1),S ∈ SL(dγ ,C)}
γµ → γ′µ = ±SϕγµS−1ϕ
ψ → Sϕψ
h→ ±(S†ϕ)−1hS−1ϕ
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covariant derivative:

linearity:
∇µ(ψ1 + ψ2) = ∇µψ1 +∇µψ2

product rule:
∇µψψ̄ = (∇µψ)ψ̄ + ψ(∇µψ̄)

spin-base covariance:
∇µψ̄ = ∇µψ

coordinate covariance:
∇µ(ψ̄γνψ) = Dµ(ψ̄γνψ) ≡ ∂µ(ψ̄γνψ) + Γνµκ(ψ̄γκψ),

Γνµκ =
{

ν
µκ

}
+K ν

µκ,
{

ν
µκ

}
= 1

2g
νρ(∂µgκρ+∂κgµρ−∂ρgµκ)
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reality of action:

mass term:
(ψ̄ψ)∗ = ψ̄ψ

kinetic term:∫
ddx
√
−g (ψ̄ /∇ψ)∗ =

∫
ddx
√
−g ψ̄ /∇ψ, /∇ψ = γµ∇µψ
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Spin metric and spin connection

construct spin metric h and spin covariant derivative ∇µ

spin metric is implicitly determined through the γµ

Spin metric

γ†µ = −hγµh−1, h† = −h, |det h| = 1
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spin covariant derivative:

∇µψ = ∂µψ+Γ̂µψ+∆Γµψ+iAµ |Dµvα = ∂µv
α+

{
α
µβ

}
vβ+Kα

µβv
β

canonical part of the spin connection Γ̂µ

D(LC)µγ
ν = ∂µγ

ν +
{

ν
µκ

}
γκ = −[Γ̂µ, γ

ν ], tr Γ̂µ = 0

for example in d = dγ = 4:

Γ̂µ = pµγ∗ + v α
µ γα + a α

µ γ∗γα + t αβ
µ [γα, γβ],

γ∗ = − i

4!

√
−gεµ1...µ4γµ1 . . . γµ4

pµ =
1

32
tr(γ∗γα∂µγ

α),

a α
µ =

1

8
tr(γ∗∂µγ

α),

v α
µ =

1

48
tr([γα, γβ]∂µγ

β),

t β
µα = − 1

32
tr(γα∂µγ

β)− 1

8

{
β
µα

}
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spin torsion ∆Γµ:

0 = [∆Γµ, γ
µ], ∆Γµ = −h−1∆Γ†µh

for example in d = dγ = 4:
spin torsion carries 45 real parameters, but only 11 remain within
the Dirac operator /∇:

ψ̄γµ∆Γµψ = M ψ̄ψ −Aµψ̄iγ∗γ
µψ −Fµνψ̄

i
4 [γµ, γν ]ψ

M : mass/scalar field

Aµ : axial vector field

Fµν : anti-symmetric tensor field

11 / 15



Motivation
Spin-base invariance

Spin metric and spin connection
Path integral

to recover vierbein formalism, set γ(e)
µ = e a

µ γ(f)
a and find

Γ̂µ + ∆Γµ =
1

8
ω ab
µ [γ(f)

a, γ
(f)

b]

∆Γµ =
1

8
Kα β

µ [γ(e)
α, γ

(e)
β]

the vierbein formalism gives an additional constraint on spacetime
torsion: Kα

αµ = 0

or it violates:
∫
ddx
√
−g (ψ̄ /∇ψ)∗ =

∫
ddx
√
−g ψ̄ /∇ψ

12 / 15



Motivation
Spin-base invariance

Spin metric and spin connection
Path integral

Path integral

can construct action S if γµ are known

naive way:
∫
Dγ eiS (and fermions, gauge fields, ...)

but the Clifford algebra {γµ, γν} = 2gµνI prohibits arbitrary
variations of γµ
⇒ determine degrees of freedom from Clifford algebra

Weldon theorem [Weldon ’01]

δγµ = 1
2(δgµν)γν + [δSγ , γµ], tr δSγ = 0

δgµν

δSγ
: metric fluctuations

: spin-base fluctuations, SL(dγ ,C)γ
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outlook

existence of gamma matrices on all metrizable manifolds?

construction of an action from the field strength
Φµν = [∇µ,∇ν ]

metric based path integral quantization of gravity in the
presence of fermions

summary

impose full nontrivial symmetry of Clifford algebra
⇒ spinbase transformations: SB(dγ)

impose natural conditions on ∇µ
spin metric h and canonical part of the spin connection Γ̂µ are
determined through γµ

vierbein formalism can be recovered
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Thank you for your attention!
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