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Figure 1: Wilsonian flows for scale-dependent effective actions Γk in the space of all action functionals
(schematically); arrows point towards smaller momentum scales and lower energies k → 0. a) Flow con-
necting a fundamental classical action S at high energies in the ultraviolet with the full quantum effective
action Γ at low energies in the infrared (“top-down”). b) Flow connecting the Einstein-Hilbert action at low
energies with a fundamental fixed point action Γ∗ at high energies (“bottom-up”).

• Integral representation. The physical theory described by Γ can be defined without explicit
reference to an underlying path integral representation, using only the (finite) initial condition
ΓΛ, and the (finite) flow equation (3.2)

Γ= ΓΛ+
∫ 0

Λ

dk
k
1
2 Tr

(

Γ(2)
k +Rk

)−1
∂tRk . (3.3)

This provides an implicit regularisation of the path integral underlying (3.1). It should be
compared with the standard representation for Γ via a functional integro-differential equation

e−Γ =
∫

[Dϕ ]ren. exp
(

−S[φ +ϕ ]+
∫

δΓ[φ ]

δφ
·ϕ

)

(3.4)

which is at the basis of e.g. the hierarchy of Dyson-Schwinger equations.

• Renormalisability. In renormalisable theories, the cutoff Λ in (3.3) can be removed, Λ→∞,
and ΓΛ → Γ∗ remains well-defined for arbitrarily short distances. In perturbatively renormal-
isable theories, Γ∗ is given by the classical action S, such as in QCD. In this case, illustrated
in Fig. 1a), the high energy behaviour of the theory is simple, given mainly by the classical
action, and the challenge consists in deriving the physics of the strongly coupled low energy
limit. In perturbatively non-renormalisable theories such as quantum gravity, proving the ex-
istence (or non-existence) of a short distance limit Γ∗ is more difficult. For gravity, illustrated
in Fig. 1b), experiments indicate that the low energy theory is simple, mainly given by the
Einstein Hilbert theory. The challenge consists in identifying a possible high energy fixed
point action Γ∗, which upon integration matches with the known physics at low energies.
In principle, any Γ∗ with the above properties qualifies as fundamental action for quantum
gravity. In non-renormalisable theories the cutoff Λ cannot be removed. Still, the flow equa-
tion allows to access the physics at all scales k < Λ analogous to standard reasoning within
effective field theory [31].
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IR Fixed Point Hypothesis. 
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•  mB: Apparent 
Magnitude. 

•  z: Red Shift . 

High Redshift Type Ia Supernovae. 
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Approximation (Leading order in g). 
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Close-up on C. 



Approximation - Nullclines. 

Definition: 
NULLCLINES are integral curves where the beta 
functions vanish. 

�g(�, gg(�)) = 0 ��(�, g�(�)) = 0

•  The intersection of two nullclines is a Fixed Point. 
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Lifting the degeneracy. 
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Lifting the Degeneracy-Approximation. 
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New Fixed Point C. 

C : g⇤ = 0, �⇤ 6= 0, ⌘ = 0 Classical Gravity. 
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Approximation 2:  Hartree-Fock Resummation. 
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Stability Analysis of C and C’. 

•  Critical Exponents: - Eigenvalues of the Stability Matrix.  

1.  IRFP C’: 

2.  IRFP C: 
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New Schematic Flow. 
Schematic Trajectory. 
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•  One special trajectory (separatrix (red)) will hit the FP C’ without 
feeling the effects of C. And another similar but connecting C. 

•  Trajectories between the separatrices (blue) will be dragged 
abruptly towards C’, spending some time in its vicinity (strong 
gravity). After that, they will be pushed smoothly to C where it 
will finish. 



Conclusions. 

×  Deep Infrared regime of the flow contain a degenerated 
FP. 

×  We have lifted the degeneracy and found new FP. 

×  C’:   

×  C: 

1.  Use the result in Cosmology (Transition to FP epoch, 

Accelerated Expansion without Dark Matter?). 

2.  Find a dynamical way to lift the degeneracy. 

g⇤ 6= 0 Gk =
g⇤
k2

g⇤ = 0
Gk ! constant
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Poles in the flow. 

or 

×  The graviton propagator displays a pole around: 
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Gauge dependence. 

×  For                      we computed the mean value and the 
standard deviation for FP and Critical Exponents: 

×  The relative standard deviation ranges: 

×  LO (d =  1/50 ):     0.22 % for             to  9.06% for                
×  HF (d = 1/300):     0.06%  for             to  6.54% for  
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