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o Fixed point at Leading Order approximation
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\PN’\Q Examples of fully developed turbulence

KPZ equation

L. Canet Ubiquitous phenomenon, experienced in everyday life

Introduction
field theory
symmetries

LO fixed
point

exact flow
equations




Examples of fully developed turbulence

KPZ equation

L. Canet

Introduction

turbulence in
industrial smokes

field theory
symmetries

LO fixed
point

exact flow
equations

turbulence behind
wind turbines




KPZ equation

L. Canet

Introduction
field theory
symmetries

LO fixed
point

exact flow
equations

\:PN’\Q Scale invariance

longitudinal velocity structure functions

Sp(f) = ((

5vg)P)~ i34

energy spectrum

Energy (arbitrary units)
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Kolmogorov K41 theory
for isotropic 3D turbulence
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assumptions
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Introduction

o self-similarity
A.N. Kolmogorov, Dokl. Akad. Nauk.
SSSR 30, 31, 32 (1941) . Disipationof
U. Frisch, Turbulence, nergy &
Cambridge Univ. Press (1995)
M. Lesieur, Turbulence in fluids, Springer

predictions

Sp(f) = CpeP3¢P/3
Ss(¢0) = —g el
E(k) = Cx /3 k™53




Intermittency
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L. Canet — illustration : von Kdrman swirling flow J
deviations from K41
Introduction . 2.5 T T T T T
from experiments and : : : : ‘
field theory 0 o . § ;
numerical simulations ; :
symmctrics 2 B } B |
LO fixed é‘p # p/3 : {
point .
exact flow U. Frisch, Turbulence, 150 B
equations Cambridge Univ. Press (1995) N
M. Lesieur, Turbulence in fluids, : : ; ; ;
Springer (2008) S T RIEe | e faraa e R S 4
0.5 S, T -
° experiment ; : ; : ‘
& i : . ‘ ;
A , * DNS 0 2 4 6 8 10
- - K41 R

N. Mordant, E. Lévéque, J.-F. Pinton, New J. Phys. 6 (2004)



Aims of the presentation
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Feynman's words about turbulence as
“the most important unsolved problem of classical physics”
Introduction Stl“ Va”d

L. Canet

— full understanding of turbulence from first principles
still lacking despite huge literature and many results

textbooks on turbulence, (RG) Zhou, Phys. Rep. 488 (2010), (FRG) talk of Steven Mathey

our contribution

| \

o re-visit FRG formalism
@ bring out importance of symmetries
o careful analysis of the fixed point in d =2 and d = 3

@ exact flow equations for the 2-point correlation functions
in the large momentum regime

L. Canet, B. Delamotte, N. Wschebor, to appear




Microscopic theory
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Navier Stokes equation with forcing for incompressible fluids
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ov

field theory 3t

V- v(t,X)=0

= 1= =
+V-Vi= —;Vp-l—uvz\?-i-f

e V(x, t) velocity field and p(x, t) pressure field
@ p density and v kinematic viscosity
o7

f(X, t) gaussian stochastic stirring force with variance
(£, R) (%)) = 20(8 — )Ny 1 (1% — %),

with L the integral scale (energy injection)
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\:W\Q Field theory

Janssen de Dominicis formalism

introduction of Martin-Siggia-Rose response fields v and j
to integrate out the stochastic forcing

AT+ Ji+Kp+Kp
X effﬁx{J VSV Kp+Kp} <— sources

deterministic NS equation -

SO[‘Z aa P, ﬁ] = /

t,
+ / p X <— incompressibility constraint
t,%

ASo[V, V] = — / ) VQ{NL717Q5(|)_{— >‘<”|)] Vg «— force correlator

t,X,X

Vo X [ O¢Va + vg0OaVa + %&lp — VV2VaJ
X




FRG formalism |

R regulator term
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AS[7, 7] = —/ Va(t, )Neas (17 = F1)7s(t, %)
t,X,X'

field theory

R. Collina and P. Tomassini, Phys. Lett. B 411 (1997)

Ny.5(d) = Sap D (1G1/)* A (|4]/k)
i(x) = e

to maintain a stationary turbulent flow : D, ~ k=9

not enough to regulate the flow in d = 2 )




FRG formalism |

R regulator term
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AS77] = —/ Ta(t, )Ny (X — 7)) 75(t, %)
X, X!

Eak)

field theory
+ / Talt, )R (1% — 2 [)vs (£, )
t,%%

L. Canet, B. Delamotte and N. Wschebor, to appear

Rﬁ,aﬂ(ﬁ) = 504,3 Vi JZF(|6|/H)
P(x) = a/(e — 1)

scaling is fixed : v, ~ k=43

V.

flow regulated in d = 2 and possible independent scales J




FRG formalism I
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Legendre transform and effective action
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Introduction rK[ E p] + W [‘/ﬂ j? K? R] = / [7 Jﬁdl_ l-:j . j + P K + ﬁ K
t,X

field theory

symmetries — / {Ea Rﬁ,o&ﬁ uﬂ — ED( NH,O(,B 175}
t,X,X"

LO fixed

point < > 6W,€ _ <_ > 6WI{

exact flow Ug = (Vo) = Uy = (Vo) = —

oqlmttigns (5./(1 5_]&

Wetterich's equation for the 2-point functions

1
2r8p) = T [ 0.7, 6@ (-5 —p.a

+19p,q) - Gulp+a) - T p,p+q)) Gu(a)
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\?W» Symmetry |

pressure sector of the NS field theory

1 _
/ {;Vaaap'i‘ﬁaava‘i‘Kp‘FKﬁ}
5

3 X

infinitesimal gauged shifts of the pressure and response pressure
p(t,%) = p(t, %) + e(t, %)
B(t, %) = p(t, %) + &(t, %)

variation is linear in the fields — Ward identities
o, 0Sg and oy 0So
op(t,x)  dop(t,X) 6p(t,x)  6p(t, %)

Non-renormalisation of the pressure sector




\:W\Q Symmetry |l

KPZ ti . e - . . . .
Rl infinitesimal time-gauged galilean transformations

L. Canet
v (t,X) = —éa(t) + ep(t)Opvalt, X)
Introduction . 5\7a(t, )—<*) _ eﬁ(t)aﬁ Va(t, )?)
Ot I AT O
LO fixed 5ﬁ(t7 )_() - eﬁ(t)aﬁﬁ(t’ )?)
point
s (s G(€) = translation G(€'t) = galilean transformation

equations

NS action is invariant under G(€(t)) but for

58—5{/ vaDtva} / ()7a

Divy = Opvy + Vﬁaﬁ Vo Lagrangian time derivative

Non-renormalisation of v, D;v,, and invariance
under G(€(t)) of the rest of the effective action




\?W» Symmetry |l
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infinitesimal time-gauged response field shift
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Introduction = O0va(t,X) = eqft
field theory RE) = { 5[5(5,)?)) = Vﬁgt?)?)gﬁ(t)
symmetries
LQ fixed
pofm variation of the NS action (at most) linear in the fields
s — Ward identities

Non-renormalisation of v,0;v, and invariance
under R(€(t)) of the rest of the effective action




\PINC Symmetry : summary

NGRSl ceneral form of the effective action
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o= _ 0 _
rn[ua u,p,p] :/ {ua(ﬁtua‘i‘uﬁaﬁua‘{'%p) +p8aua}

t7

> Xy

symmetries + rh‘ [LT E]

with [/, 1] invariant under the two gauged symmetries

we know how to construct it from experience on KPZ equation !
@ similar nonlinear Langevin equation (equivalent to Burgers)
@ very similar (gauged) symmetries

LO approximation very successful (talk of Thomas Kloss)

— quadratic in the fields with full momentum dependence

L. Canet, H. Chaté, B. Delamotte, N. Wschebor, Phys. Rev. Lett. 104 (2010), Phys. Rev. E 84 (2011)
T. Kloss, L. Canet, N. Wschebor, Phys. Rev. E 86 (2012), TK, LC, BD, NW, Phys. Rev. E, 89 (2014)




\PINC Composite operator

MRl source for the composite operator v, (X, t)vs(X, t)

L. Canet .
Z[Jﬁj K,K, L] x oJe {7+ F+Kp+Kp+7-L-7}
) b b )

SYIEnStries infinitesimal response field shift gauged in time and

e o [ STa(t,R) = a(t,R)
R(e(r.0) = { 55(t,%) = valt, R)es(t, )

v

local Ward identity for I,

o 1 2 ol
= Ol + paap —vV-iu, — 85<5La5> — uaOgug

(> lj( X

generalized response function vertex functions

\,




Composite operator

DRl source for the composite operator v, (X, t)vs(X, t)
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Z[Jﬁj K,K, L] x eft,;{fV+7-3+Kp+Rﬁ+V.L.\7}

SYIEnStries infinitesimal response field shift gauged in time and

e o [ STa(t,R) = a(t,R)
R(e(r.0) = { 55(t,%) = valt, R)es(t, )

local Ward identity for Wi

SW, 1. W -
K ) K Jo — B
5o p 0K 5L, £

[— 8 + vV? + K]

7 naﬂ"’ B K,QB}:O

@ derivative w.r.t. Jg — Karman—Howarth-Monln relation

— four-fifth Kolmogorov law : S3(¢) = —% €/

\




\PN’\; Composite operator

DRl source for the composite operator v, (X, t)vs(X, t)
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2[J,1,K, K, 1] x i AT+ FHKp+Rp+7-L7}

SYIEnStries infinitesimal response field shift gauged in time and

e o [ STa(t,R) = a(t,R)
R(e(r.0) = { 55(t,%) = valt, R)es(t, )

v

local Ward identity for Wi

W, 1 We -
K 5 NJa—ﬂ

(el

6Ja P K

[- 8 + vV? + K]

T Kuﬂ+ RK,QB}:O

Slag I3 5

@ derivatives w.r.t. arbitrary sources

— infinite set of generalized exact relations

\,




Ansatz for fH

DRl Jnsatz invariant under the symmetries at Leading Order
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fhﬁ[ﬁﬁ L:j] = / {Ea f;{u.uﬁ()?_ )_(4) ug — Uq f;;D.uS()_(‘_ )?,) ﬁﬁ}
t, X, X' : :
with 7/, (F=0) =" (F=0)=0
LO fixed ’
point

PO (w, B) = iwbap + £25(P),
~(0,2 ~ L
PO (w, 5) = —2£5%()

one non-vanishing vertex function

2,1 = = ;
r((wy)(wl,Pl,wzv p2) = —i(p3dpy + plﬁ(soz’y)
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Numerical integration of the LO flow equations

RG evolution

dimensionless
functions

h(p) =
(p)/P°

—_—_—:

fixed point

0

0.6
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Fixed point functions

0,001+

1e-06

1e-09

le-12

le-15

d=3

d=2

— 1) 1 —#®
— h'(p) bR .
| 1w [ [ o [ [ | 1w —
0,01 1 100 0,01 1 100
p p
asymptotics in d = 3 : from naive scaling
hv(p) ~ p~4/3+ o~ 0.33
h°(p) ~ p~(d+2)+5 B ~0.33

0,001

1e-06

1e-09

le-12
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Energy spectrum and
second order structure function

Kolmogorov scaling

energy spectrum
structure function

E(p)
S2(4)

~

I IEETIEETT B
10 100

p~>3(p/r)~°
23(r0) P

FETETI
1000
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Analysis of the large wave-number regime

d=3 d=2
1E T T T — T AL T 1
0,001 — o001
1le-06 — —
b i — 1le-06
A A
1le-09- — h (p) - — h(p
Av Ay
— h'(p) - — h'(p) < 1e-09
le-12— —
le-15_ 11w [ [T o W [ Low T le-12
0,01 1 100 0,01 1 100
A A
p p

« and [ universal (independent of the stirring profile)

cf. R. Collina and P. Tomassini

= non-decoupling of the large momentum sector

but Leading Order approximation not reliable in this regime !




Analysis of the large wave-number regime
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Wetterich's equation for the 2-point functions

L. Canet (2) 1 @
o) = T [ 0.7.()- 6@ (-3 —p.a

+T%%(p,q) - Gu(p+q) - r,w-(—p, p+ q)> - Gx(q)

V.
exact flow B .
o LO approximation

—> expansion of the vertices in momentum

@ internal momentum cut off |g| < &

@ but controlled only for small external momentum |p| < k




Exact flow equations
in the large wave-number limit |

G \\/etterich's equation for the 2-point functions
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2 1 4

+r§€}(p,q) - Ga(p+a) T (-p, p+q)> - Gx(a)

exact flow
equations

|
|
A\

regime of large wave-vector |p] > k or kK — 0

= internal momentum negligible |§] < |p]

(exact Ward identities for all vertices with one zero momentumj

) a 0 D i : p
I'Sﬁlg(w, G=0;v,p) = *( 5 1)(‘” +v,p) — r(ﬂl'vl)(y’ p))

B
°p
;/827)5(“; 0,—w,0,v,p) = e [ re 2)(V+w p) —2r 2)(u P)+r7,5 v - w, p)]

V.




Exact flow equations
in the large wave-number limit I
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L. @it flow equations for the two-point functions

w

r1) 5 —re »n1
8Sr(l1,1)(y,ﬁ):p2/{_[ 1wty p) T (v P) GY(—w — v, p)
w

|

exact flow
equations

+21[ (w+up)—2r (up)-H' )(—w—f-u,ﬁ‘)
C

BS/G Y(w, q)
@@@mmzm

exact closed equations for large p




Non-decoupling of the large wave-number sector
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flow equation in terms of dimensionless quantities
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Introduction 8Sr(171)( p) — K/ Uy { a r(l 1)( )
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Non-decoupling of the large wave-number sector
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Introduction asr(l’l)( p) = K/ l/ { a r(l 1)(1/ p)
field theory
symmetries + %r(l’l)(f)7 ﬁ) - Il)\aﬁr(l’l)(f)7 ﬁ) - %ll)aﬁr(l’l)(f), Il)\) }
LO fixed
point
act flow fixed point  |9sfD | — 0

equations
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equations

decoupling osrtV | — 0



Non-decoupling of the large wave-number sector
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Introduction 6 r 1 1)(1/ p) = K/ l/ { a r(l 1)( )
field theory
symmetries + [%r(l’l)(f)7 ﬁ) - Il)\aﬁr(l’l)(f)7 ﬁ) - %ll)aﬁr(l’l)(f), Il)\)]}
LO fixed
point
act flow fixed point ~ |9sF (1Y —0
_l’_
decoupling osrtV | — 0

(3P0 — po,FD — 2p9,F00 ] — 0




Non-decoupling of the large wave-number sector
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Introduction 6 r 1 1)(1/ p) - K/ l/ { a r(l 1)( )
field theory
symmetries + %r(l’l)(f)7 ﬁ) - Il)\aﬁr(l’l)(f)7 ﬁ) - %ll)aﬁr(l’l)(f), Il)\) }
LO fixed
point
act flow fixed point ~ |9sF (1Y —0
_l’_
decoupling osrtV | — 0

scale invariance (r(l’l)(y, p) = p2/3x(1'1)(1//p2/3>]




Non-decoupling of the large wave-number sector
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Introduction

field theory
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LO fixed
point
exact flow fixed point dsT D | — 0
equations
_l’_
decoupling osrD | — 0

scale invariance {r(l*l)(u, p) = p?/3x (I//p2/3)]

but not consistent in the exact equation
= the large p sector does not decouple




Origin of intermittency
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non-decoupling

b Canet @ very particular (# critical phenomena)
@ probably general for all n-point functions

@ correlation functions remain sensitive to the integral scale
and may each have their own scaling

exact flow . .
equations Intermittency
o fixed point
— power-law behaviour of the correlation functions

@ no decoupling
= no standard scaling, possibility for multi-scaling,
multi-fractality, .. .

@ equations for n-point functions in the large p regime
—> calculation of intermittency exponents
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@ FRG formalism to study turbulence from the NS equations

@ exact relations between correlation functions
from symmetries

@ hints for the emergence of intermittency and multiscaling

exact flow
equations

Perpectives

@ calculation of the deviations to Kolmogorov exponents
@ study the inverse cascade of energy in d = 2
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